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BBe^eHHe 



^OCTOHHCTBa o6lII,eH TeOpHH OTHOCHTejIbHOCTH (OTO) P^ElElll]— H35I- 

mecTBO H KpacoTa, CBeflenHe T5iroTeHH5i k reoMCTpHH, npaBHjibHbie 3HaMeHH5i 

nOCTHblOTOHOBCKHX 9(|)(|)eKT0B — flOnOJIH5IIOTC5I Ba>KHbIMH HeflOCTaTKaMH. Bo- 

nepBbix, 3jieKTpoMarHHTHoe nojie ocTajiocb aa paMKaMH reoMexpHH, h, cjie- 
flOBaTejibHO, ero cymecTBOBaHne He Hanijio o6'b5iCHeHH5i jH El- Bo-BTopbix, 
6bijio flOKaaaHO, mto b pemeHHflx OTO b o6iii,eM cjiynae no5iBji5iK)TC5i CHHry- 
ji5ipH0CTH — TOMKH npocTpaHCTBa-BpeMeHH, rfle o6paiii,aiOTC5i b 6ecK0HeHH0CTb 
HHBapnaHTbi kphbhshbi [3,7-10]. HaKOHeu,, puManoea cmpyKmypa OTO (mct- 
pHMecKoe nojie) OTBe^aeT ne caMOMy npocTOMy npeflCTaBJienHio rpynnt.1 ko- 

OpflHHaTHblX flH(J)(J)eOMOp4)H3MOB. 

TonojiorHMecKHe MeTOflbi (IleHpoys XoKHHr [H], FepoK [9]) flOKasbma- 
lOT HeH36e>KHOCTb no5iBJieHH5i CHHryji5ipH0CTeH B pemeHHflx OTO (h b xeo- 
pHH BpaHca-/]^HKKe) . B p5ifle pa6oT BejiHHCKoro, JlH(|)mHLi,a, XajiaTHHKOBa 
[m E] H3yMajiC5i aHajiHTHMecKHH xapaKTep o6iii,ero pemeHH5i OTO okojio chh- 
ryjiflpHOCTH B CHHxpoHHOH CHCTeMe OTCMCTa. (OcHOBaHHeM flji5i TaKoro pofla 
OKOjiocHHryjiflpHbix nocTpoeHHii Mo:>KeT cjiy>KHTb o6iii,eKOBapHaHTHbiH tcct Ha 
CHHryji5ipH0CTH, KOTopbiH GyflCT npeflJio^Ken h noflpoGno pasoGpan bo BTopoft 
rjiaBe flHccepTaLi,HH). 

rio MHeHHK) MHorHx, CHHryji5ipH0CTH osHa^aiOT BHyxpeHHioK) npoTHBope- 

MHBOCTb TeOpHH, HO HpHHflTO CMHTaTb, MTO KBaHTOBafl BepCHfl TCOpHH MO- 

meT 6biTb CBo6oflHOH ot CHHryjiapHOCTeft (nonyjiapHbi cynepcxpynHbie MOfle- 
jiH, HpHB0fl5in],He B HCKOTopoM Hpeflcjie K i?^-rpaBHTaH,HH) . Ha Ham Bsrjiflfl, 
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MajI0Bep05ITH0, HTO OflHOH npOLI,eflypOH KBaHT0BaHH5I M05KH0 H3 HJIOXOH BeiII,H 

nojiyHHTb xopomyK). Eme 6ojiee 4)aHTacTHHHbiM npeflCTaBji5ieTC5i npeflnojio- 
jKCHHe [31j o npHMacTHOCTH CHHryjiflpHOCTeft k cmpeAe epeMenu (nontiTKa 
HSBjieMb nojibsy h3 GecKOHeMHOCTeft). 

HxaK, ocHOBHaa Li,ejib flanHoft pa6oTt.i — pemenHe npo6jieMt>i CHHryji5ip- 
HOCTeft (h npo6jieMt.i rpaflHenTHoft KaTacTpo4)t.i, MHoroanaMHOCTH) pemenHft 
Ha 'KjiaccHHecKOM ypoBne' — b paMKax xeopHH A6cojiiOTHoro riapajiJiejiHSMa 

(An). 

Hafle>Kflbi Ha ycTpaHCHHe CHHryji5ipH0CTeH CB5i3biBaiOT c pasHbiMH ycoBep- 
meHCTB0BaHH5iMH TeopHH rpaBHTaLi,HH: 

1) ycjio>KHeHHe CTpyxTypbi, TeopHH c KpyHenneM [THl HB] h t.^.; nanpHMep, 
TeTpaflHa5i TeopH5i rpaBHTaLi,HH Mejijiepa [Ej (BapnaHT a6cojiK)THoro napaji- 
jiejiHSMa; penepnbie ypaBnenHH, xota h jiarpaH>KeBbi, no nexoponiH, t.k. nepe- 
ryji5ipHbi B nepBbix fl>KeTax okojio TpHBHajibHoro pemenHfl); 

2) BbicniHe npoHSBOflHbie, i?^— rpaBHTaLi,H5i ((|)opMajibHbiH tcct na CHHryji5ip- 
HOCTH, pasBHBaeMbiH B 9T0H pa6oTe, jierKO Mo:«;eT 6biTb npHMeneH k i?^— rpa- 
BHTaLI,HH |35|). 

oflHaKO o6biHHO orpaHHMHBaiOTC5i cjiy^aeM MacTHbix CHMMeTpHHHbix pemeHHii, 
a npo6jieMa CHHryji5ipH0CTeH o6iii,ero pemeHH5i ocTaeTca, Ha caMOM flejie, Hepe- 
meHHoii. 

B paGoTax Bapraca h flp. |THl HHj napafly c MeTpHKoft HcnojibsyeTCH pe- 
nepnoe nojie — BTopaa cxpyKxypa. Penepnafl CTpyKTypa, OflnaKO, MO>KeT ne 
5iBji5iTbC5i AopeH%eeou (rjio6ajibHbie jiopeHLi,eBbi BpameHHa 0(1, n—l) no CKa- 
jiapnoMy HHfleKcy, KaK b KJiaccHnecKOM aGcojiiOTHOM napajiJiejiHSMe, Moryx 

6bITb HeflOnyCTHMbI — STO SaBHCHT OT BHfla 'tOKOb' B [IB]), H OHa He CB5I3aHa 

np5iM0 c pHMaHOBOH CTpyKTypoH (MCTpHKa 3aflaeTC5i OTflejibHO OT penepHoro 
nojia). TeMa CHHryji5ipH0CTeH b [THlIin] ne 3aTparHBaeTC5i. 

BTopaa CTpyKTypa noHafloGnjiacb fljia pemeHH5i saflann reoMeTpH3ai],HH 
3JieKTpoMarHHTHoro nojia. OflnaKO, KaK 6yfleT noKaaano b nepBoft rjiaBe, fljia 
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SToro flocTaTOMHO oflHoii jiopeHLi,eBOH CTpyKTypbi aGcojiiOTHoro napajijiejiHS- 
Ma — noji5i penepoB ha^{x) (cm. TaK:«;e ES|)- HpHHeM flji5i 'onmuMa,fih- 
Hux' ypaBHeHHH B03M0>KHt.i 6jiaronpH5iTHbie OTBeTbi Ha Bonpocbi o Tenaope 
sneprHH-HMnyjibca h o nocTHbiOTOHOBCKHx 94)4)eKTax. HajiHHHe tojibko Ofl- 
HOH CTpyKTypbi npeflnoHTHTejibneft c scTCTHHecKOH tohkh 3peHH5i h npome 
flji5i npoBefleHHfl nojinoro anajiHsa cobmccthbix ypaBHeHHH na CHHryjiapHOCTH 
pemeHHH. 

A6cojiiOTHbiH napajijiejiHSM c4)opMyjiHpoBaH h flOBOjibHO noflpoGno Hccjie- 
flOBajica B p5ifle pa6oT 9HHmTeHHa (neKOTopbie 6bijiH BbmojineHbi cobmcctho 
c MaiiepoM), OTHOC5in],Hxc5i k 1928-1931 roflaM [11-13]. O 6ojiee paHHHx MaTC- 
MaTHMCCKHx pa6oTax cxoflHoro npo(|)Hji5i mo>kho yanaTb b [S2]- Ho CBHfleTejib- 
CTBy IlaHca |14| . HCKOTopoe BpcMa SftHHiTeHH Bosjiaraji Gojibmne Hafle>Kflbi na 
3Ty TcopHK), X0T5I K0JiJierH-(J)H3HKH Bbipa>KajiH BCflHCCKHe coMHeHHfl. IlayjiH 
CHpamHBaji o Tensope sneprHH-HMHyjibca h o HOCT-HbiOTOHOBCKHx 9(|)(J)eKTax 
m C.334]. 

OflHaKO rjiaBHoii TpyflHOCTbio OKasajiacb, xaK mo>kho npeflnojio>KHTb, npo- 
6jieMa 'oTbiCKaHHfl' sjieKTpoMarHHTHoro nojia. B TeopHH HMeeTC5i ecTecTBeHHbiii 
KaHflHflaT Ha STy pojib — aHTHCHMMeTpHHHbiii TCHSop BToporo panra, co- 
CTaBjieHHbiii h3 BTopbix npoHSBOflHbix HOjiii penepoB /i"^. Ho Bce ypaBHCHHii 
aGcojiiOTHoro napajijiejiHSMa (b All MHoro coBMCCTHbix ypaBHCHHii noji5i) — 
sa oflHHM-eflHHCTBeHHbiM HCKjHOHCHHeM (y>Ke yHOMHHaBHiHecii onmuMaAhHue 
ypaBHeHHH, Tpe6yiom,He yBejinnenHfl pasMepnocTH HpocTpancTBa) — ne ho3- 
BOJI5IIOT HMCTb acHMHTOTHKy KyjiOHOBCKOTO THHa. (IlocKOJibKy cyn],ecTByeT pa- 
6oTa 3HHmTeHHa h Maftepa | i21ij . HOCB5in],eHHa5i c4)epHHecKH-CHMMeTpHHHbiM 
pemeHH5iM ypaBHeHHH All, mo:>kho npeflHOjiaraTb, hto ohh saMCTHjin npo- 

6jieMy KyjIOHOBCKOH aCHMHTOTHKH. PaCCMaTpHBajICfl TaK>Ke HCKOBapHaHTHblH 

KaHflHflaT Ha pojib f^^^ hto, pasyMecTCfi, ne Morjio HMCTb ycnexa.) 3th hckjik)- 
HHTCjibHbie ypaBHCHHii 6yflyT ochobhbim oGtCKTOM Hamero BHHManHfl. Ohh 
BbiflejiHCTCfl H flpyrHM saMeHaTejibHbiM cbohctbom — OTcyTCTBHCM B peme- 
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HH5IX KO-CHHryjiflpHOCTeii, CBflsaHHbix c rpaflneHTHoii KaTacTpo4)OH. 

Bo3mo»:ho no SToii npHHHHe (npo6jieMbi c KyjiOHOM) SfiHrnTeiiH ocTaBHji 
a6cojiiOTHt.iH napajiJiejiHSM. Jl^Jifi Gojibinefi nojinoTbi namero HCTopHMecKoro 
OTCTynjieHHfl cjieflyex OTMexHTb flBe HayMHO-nonyjiapHbie cxaTbH M.n.Bpon- 
niTeHHa, nocB5iiii,eHHbie All h HanHcanHbie no rop5inHM cjieflaM; ne^aBno o6e 
CTaTBH 6t.iJiH nepenenaTanbi b [22j. 

HnTepecno, nTO b oflnon h3 sthx CTaTen All cooTnocHTC5i c nonbiTKa- 
MH onncannfi 3(J)Hpa xax ynpyroii cpeflbi — nec>KHMaeMOH hjih, nao6opoT, 
GecKonenno jierxo c:>KHMaeMOH (flji5i ncKjnonenna npoflojibnbix BOjin)^. Ilofl 
3(J)HpoM, co6cTBenno roBopsi, MO^Kno nonrnvraTb npocTpancTBenno-BpeMennoe 
Mnoroo6pa3He co bccmh neo6xoflHMbiMH xapaKTepncTHKaMH-nojifiMH. 

HxaK, nepBbiH Bonpoc, B03nHKaK)n],nH npn nocxpoennn xeopnn nojiH, — bo- 
npoc o Bbi6ope noflxofl5m],eH MaTeMaTnnecKon hjih reoMeTpnnecKon CTpyKTy- 
pbi npocTpancTBennoro MnorooGpasna. IloflpasyMeBaeTCfl, nxo nivieeTCH flncj)- 
{|)epenLi,HpyeMa5i cxpyKxypa, to ecTb Bce tomkh npocTpancTna M Moryx 6biTb 
peryjiflpno sanyMepoBanbi npn noMon],H KOop^nnaT x^. /i^onycTHMbi jiK)6bie 
peryji5ipnbie (neBbipo:>Kflennbie) aaivienbi KOop^nnaT, cocTaBji5iion],He rpynny 
flH4)4)eoMop4)H3MOB Diff(M") [n — pasMepnocTb npocTpancTBa). 

Penepnoe nojie h"' ^{x^) aGcojiiOTnoro napajijiejinsMa (na6op n BCKTopnbix 
nojieii) flonojineno CHMMeTpnnnoH nocTOflnnoii MaTpHU,eH r|ab^ 3aflaK)n],eH cnr- 
naxypy npocxpancTBa (nepeonpeflejinn penepnoe nojie n MaTpnLi,y 77 yMno^Ke- 
nneM na neBbipo>KflennyK) MaTpHLi,y, mojkho npnnecTn rjab k flnaronajibnoMy 
BHfly, \ = ±1). 

To ecTb zeoMempuuecKou cmpyKmypou AH cjiy>KHT penepnoe noAe c cuz- 
namypou; nojie ha^ 5iBji5ieTC5i npocTenmnM oGi^eKTOM, peajiH3yioni,HM npefl- 
CTaBjienne cjieflyK)n],eH Aeeo-npaeou spynnu npeoGpasoBannii: 
1) 'npaBbie' KOopflnnaTHbie flH(J)(J)eoMop(J)H3Mbi (no rpenecKOMy nnfleKcy); 

^ B KOHiie BTopoii rjiasbi paccMaTpHsaeTCfl ciJiepHHecKH-CHMMeTpH^Hafl sa^a^a. Xlpn neKOTopoM Bbi6ope 
KOopflHHaT nocjie HHTerpHpoBaHHs ^acTH ypaBneHHii ocTaeTca CHCTena ypaBneHHii THna rasoBoii ^HHaMHKH 
fljifl ra3a HanjitirHHa, r^e OTcyTCTByeT rpa^HeHTHafl KaTacTpo4)a. 
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2) 'jieBbie' rjio6ajibHbie jiopeHLi,eBbi Bpaiii,eHH5i 0(1, n — 1) no jiaTHHCKOMy hh- 
flCKcy H rjio6ajibHbie MacmTa6Hbie npeo6pa30BaHH5i, 

— OTHOCHTejibHO 3T0H rpynnbi HHBapHaHTHbi ypaBHeHH5i All. Ilo cpaBHenHio c 
puMttHoeou (MeTpHMecKoft) cmpyKmypou OTO HMeeT mccto yBejiH^enHe rpyn- 
nbi CHMMexpnn n ynpon],enHe npeflCTaBJienna (BeKTopnoe). 

TecT Ha CHHryjiapHOCTH 

CoBpeMennaii Teopna coBMecTHOCTH hjih (|)opMajibHOH HHTerpnpyeMOCTH 
[2Sl in2| no3BOji5ieT jierKO Bbifleji5iTb coBMecTHbie ypaBnennfi All, flji5i koto- 
pbix bo3mo:«;ho cyn],ecTBOBaHHe 4)opMajibHbix pemennn b BHfle p5ifla Teiijiopa. 
B nepBoii rjiaBe, b OTjinnne ot BTopoii, HMeiOTCii b BHfly jinnib necnnryjiiip- 
Hbie pocTKH pemennii — nyjiebon Mjien p5ifla ecTb neBbipo^Kflennafl MaTpHLi,a, 
KOTopyK) jieBO-npaBbiM (npaBbm) npeoGpasoBanneM MO^Kno npnBecTH k efln- 
nnnnoMy BHfly. 

PacnpocTpanM xecT coBMecTnocTH na cjiynan BbipoKflenna KO-penepa 
h"'^ (KO-CHnryji5ipnocTH) njin (KonTpa-)penepa ha^ (Tonnee, penepnon njiOT- 
HOCTH neKOToporo Beca), mo>kho nojiy^HTb o6u],eKOBapHaHTHbiH 4)opMajibHbiH 
TecT cyn],ecTB0BaHH5i cnnryjifipHOCTeH pemennn: neo6xoflnMbiM ycjionneM cy- 
n],ecTB0Bann5i (|)opMajibnbix pemennn, pocTKOB pemennii, pacTym,nx ns (njin 
KaK yroflno 6jin3Knx k) cnnryji5ipnocTn 5iBji5ieTC5i coxpanenne peryji5ipnocTn, 
coBMecTnocTn cxapmnx MjienoB cncTeMbi ypaBnennn (njin nnBOJiiOTnBnocTH 
cnMBOJia; cnMBOJi MO>KeT Bbipa>KaTbC5i ^epes caMy Bbipo>KflaK)m,yioc5i MaTpn- 
Li,y, jin6o Mepes ee Mnnopbi BOSMOJKno 6ojibmero Kopanra) npn Bbipo>Kflennn 
(KO-)penepa. CncTeMaTn^ecKnii anajins 4)opMajibnoro xecxa na cnnryji5ipno- 
CTn npoBOflnTCfl bo BTopon rjiaBe. 

Bo3Mo:>KnbiH noflxofl k Bonpocy o flOCTaTonnocTn 3Toro ycjionnii (TecTa) 
CB5i3an c naynenneM fleiicTBnii jieBO-npaBoii rpynnbi cnMMeTpnn ypannennii na 
cnnryji5ipnocT5ix (na cnnryji5ipnbix pocTKax pemennii), BbiflejienneM '(J)n3nne- 
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CKHx' op6HT 4)opMajibHbix pemeHHH (flji5i KOTopbix cymecTByeT npocTpaHCTBeH- 
HO-noflo6Ha5i noBepxHOCTb Komn, Kacaioiii,a5iC5i noBepxHOCTH CHHryji5ipH0CTeH) 
H noflCMeTOM Hx KOJiHMecTBa, Mepbi^. FjiaBHafl Li,ejib BTopoft rjiasbi — flOKaaaTb 
eflHHCTBeHHOCTb ypaBHeHHH /i— nojia, CBo6oflHbix ot CHHryjiapHOCTeft peme- 
HHH, H eflHHCTBeHHOCTb Bbi6opa pasMepnocTH HpocTpancTBa (n = 5). OKasbi- 
BaeTCfl, '6eccHHryji5ipHbie' ypaBHeHHH BTopoft rjiaBbi coBnaflaiOT c 'oHTHMajib- 
hmmh' ypaBHeHHHMH nepBOH rjiaBbi. 

HaflO OTMeTHTb, MTO 06m,enpHHHT0 OTBOflHTb HCKJIIOMHTejIbHyiO pojib Ba- 

pHau,HOHHOMy npHHLi,Hny h jiarpan^KeBbiM ypaBHeHHHM (xoth jiarpaH:>KeBOCTb 
en],e ne rapaHTHpyeT coBMecTHOCTH, a o6ecneMHBaeT tojibko HajiHMHe TO>Kfle- 
CTBa). Torfla oGteflHHeHHe g^i, h /^jy b paMxax oflHoii CTpyKTypbi Ka:>KeTC5i 
BecbMa MajiOBepoHTHbiM, t.k. rpaBHTaLi,H5i h sjieKxpoMarneTHSM aoji^khbi fla- 
BaTb BKJiafl OflHoro HopnflKa b neTepoBCKHH n— HMHyjibc. 

IlpeflCTaBJiHeTCH, oflnaKO, hto TpeGoBanne OTcyTCTBHH CHHryjinpHOCTeft 
6ojiee Ba>KHO h (J)yHflaMeHTajibHO, neM BapHan,HOHHbiH hphhu,hh. 'BeccHnry- 
jiHpHbie' ypaBHeHHH — OHTHMajibHbie ypaBHeHHH, o KOTopbix Hijia penb panb- 
me — He jiarpaH:>KeBbi. EcTb jinmb HpH6jiH:>KeHHbiH jiarpaH:>KHaH h hph6jih- 
»;eHHbiH 'cjia6biH' jiarpaH:«;HaH sjiexTpoMarnHTHoro BHfla ('cjiaGbiii' jiarpan- 
»:HaH — TepMHH H6parHM0Ba [23 ~ npn BapbnpoBaHHH flaeT ne caMH ypaBHe- 
HHH, a HpoflOjiJKeHHbie ypaBHenHn); ohh BKjiiOHaiOT jinmb nacTb nHBapnaHTOB 
(xHHa h' H h"), HOSTOMy flajKe KBaHTOBanne jiHHeapHSOBaHHbix ypaBnenHH Ka- 
jKeTCH Hpo6jieMaTHHHbiM. BTopoe HpoflOJi>KeHHe ypaBHeHHH HOSBOJineT onpe- 
flejiHTb Tenaop sneprHH-HMHyjibca, ocHOBHyio pojib b KOTopoM nrpaeT 3JieK- 
TpoMarHHTHan KOMHoneHTa |35lj . 

KpoMe Toro, cyn],ecTBOBaHHe MHHHMH3Hpyion],ero 4)yHKLi,H0Hajia TecHO cbh- 
3aH0 c ycTOHHHBOCTbK) HO JlHHyHOBy. MtoGbi 3Ta CBH3b 6bijia pa6oTaK)n],eH, TKe- 
jiaTejibHO HpeflHOjio^KHTb cjieflyion],HH cu,eHapHH. ToHHoe pemenne nejiarpan- 
:>KeBbix ypaBHeHHH HMeeT b Bbicmefi CTenenH cjio>KHbiH, CTOxacTHnecKHH xa- 

^BosMOJKHbi onpe^ejieHHbie anajiorHH, napajiJiejiH c BonpocaMH KHHrn |24j . 
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paKTep (h 9KcnepHMeHTajibH0 He BOcnpoHSBOflHMo). HonbiTKH ycjieflHTb aa 
ycpeflHeHHbiM (no HeKOTopoMy MacmTa6y myMOb) noBefleHneM ycToiiHHBbix 

(cHMMeTpHHHblx) HeJIHHeHHblX oGpaSOBaHHH C TOnOJIOrHHeCKHM (KBa3H)3ap5I- 
flOM npHBOflST K Heo6xOflHMOCTH BBefleHHS BTOpHMHblX 4)eH0MeH0JI0rHMeCKHX 

nojieii, 9bojiioli,h5i KOTopbix y»ce cjie^yeT no jiarpan^KCBbiM saKonaM. Tonnbie 
flCTajiH SToro cn,enapH5i fljia 5-Mepnoro a6cojiK)Tnoro napajiJiejinsMa onpe^e- 
ji5iK)TC5i TaKJKe MexaHHSMOM peflyKLi,HH flonojinHTejibnoro npocTpancTBennoro 
HSMepennji (B03Mo:»<;nbiM 'pejisTHBHCTCKHM xapaKTepoM' SToro nsMepennji — 
B cjiynae c4)epHnecKH-CHMMeTpHnnoro pacmHp5non],eroc5i KOCMOjiornnecKoro 
pemennji). 

MHo:acecTBO pemeHHH; TonojiorHnecKHe 3apH/i;bi 
H KBa3H3apa;i,bi 

OcnoBnaa TeMa TpeTbeii rjiaBbi — KanecTBennbiii anajins Mno^KecTBa pe- 
mennn 'Geccnnryjiapnbix' ypaBnennn (n = 5, Tonojiorna npocTpancTBa Tpn- 
Bnajibna), a TaK>Ke noflMHo:>KecTB CHMMeTpnnHbix (n, bo3mo>kho, ycTonnnBbix) 
pemennn. 3th sa^ann Tpe6yiOT npnBjienennji cpeflCTB roMOTonnnecKon Tono- 
jiornn. 

^e43opMHpy5i na noBepxnocTH Konin {m = n — 1) pcnepnoe nojie 
h^n^x), nTo6bi pHManoBa CTpyKTypa (ivreTpHKa) CTajia TpHBHajibnoii, yGnpaa 
saTCM 6ycTbi, nojiynaeM nojie s{x) MaTpnu, Bpan],enHH SOm (S'O— 'Knpajibnoe' 
nojie). Mno^KecTBO jiOKajinsoBannbix OTo6pa»cenHH s : — ^ SOm pacnafla- 
eTca na KOMnonenTbi CBasnocTH — roMOTonnnccKHC Kjiaccbi, KOTopbie o6pa- 
syiOT rpynny 7rm(SOm)- HanpnMep, ^4^(30^) = Z^-k- Z^. npHnafljie:acnocTb k 
pasnbiM roMOTonnnecKHM KjiaccaM cooTBCTCTByeT pasnbiM snanennsM Tono- 
jiornnecKoro aapafla. 

Bojibmaji cjfMMeTpi^iT ypasHeHm An (jieBO-npaBaa KOBapnanTnocTb) npn- 
BOflHT K B03MO>KnocTH CMMMeTpHHHbix peiueHHit (jicBO-npaBoe npeo6pa30Ba- 
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HHe nepeBOflHT pemeHne caMO b ce65i). KjiaccH4)HKaLi,H5i CHMMeTpHMHbix koh- 
4)HrypaLi,HH h-noji^i CBOflHTca aHajiorHHHbiM oGpaaoM k KjiaccH4)HKaLi,HH chm- 

MeTpHMHblX K0H4)HrypaLI,HH iSO — KHpaJIBHOrO nOJI5I, H K BblMHCJieHHIO OTHOCH- 

TejibHbix roMOTonHMecKHx rpynn (onpeflejienne — b Knnrax I29| ) b cjiy- 
nae npocTbix CHMMexpHH, n BbinncjiennK) /c-aflntix roMOTonnnecKHx rpynn 
7r;(Ao; ^1, . . . , {Ai C Aq C SO{m)) — b o6LLi,eM cjiynae (Tonojiornne- 

CKne KBa3H3ap5iflbi) . B cjiynae m = 4 fljia BbinHCJiennn flocTaTonno ncnojib- 
30BaTb /c— aflnyio roMOTonnMecKyio nocjieflOBaTejibHOCTb. 

FoMOTonHHecKHe rpynnbi n TonojioraMecKne sapfiflbi mnpoKO ncnojibsyiOT- 
C5I B TeopeTHMecKHx pa6oTax (cm. nanpHMep [SSI Ell), ho pojib OTHOCHTejibHbix 
H /c— aflHbix roMOTonHMecKHX rpynn b KjiaccH{|)HKaLi,HH CHMMeTpn^nbix koh- 
{J)HrypaLi,HH 'TonojiornnecKoro' (hjih Knpajibnoro) nojia, Ka>KeTC5i, eLLi,e ne ot- 
Menajiacb. Tpnaflnbie roMOTonnnecKne rpynnbi BBeflenbi b cepnn cxaTen Bjien- 
Kepca H MaccH [25] n saMenaTejibno nsjiaraiOTCfl b jieKLi,H5ix M.M. riocTnHKO- 
Ba no ajireGpannecKOH Tonojiornn [27| . TaM me Cflejiana nonbiTKa onpeflejiHTb 
TeTpaflHbie roMOTonnMecKne rpynnbi, KOTopaii MOJKeT 6biTb neMHoro ncnpaB- 
jiena n npoflOjiJKena no HHflyKLi,HH na /c-aflHbie roMOTonnnecKne rpynnbi. 

Saflana onncannfl mop4)H3mob Mno:>KecTBa KjiaccoB pemennn Gojibmeii chm- 
MeTpnn bo Mno:«;ecTBO roMOTonnnecKHX KjiaccoB Kon4)HrypaLi,HH Menbrneii chm- 
MeTpnn CBfisana c noflpo6nbiM onncanneM nanajibnbix npeflCTaBHTejieii sthx 
KjiaccoB nyxeM npnBjienenH5i ocnaLLi,ennbix (cHMMeTpnnnbix) MnorooGpaann. 
CB5i3b Me^Kfly OTo6pa>KenH5iMH n ocnaLLi,ennbiMH Mnoroo6pa3H5iMH nsjio^Kena 
B [28l 130] : B [2Sj yxaaana TaK>Ke KBaTepnnonnaa napaMeTpH3aLi,H5i rpynnbi 
504: 

npn OTpa^Kennn oflnon Koopflnnaxbi (npn naMenennn opnenTaL^nn) jienaa n 
npaBaa c(|)epbi eflnnnnnbix KBaxepnnonoB {S^^^ n S^^^) Men5iiOTC5i MecTaMH, 
HTO BecbMa Ba:>KHO flji5i bo3mo>khocth BBeflennfl '(J)eHOMeHOjiorHnecKHx' kh- 
pajibHbix (cnnnopHbix) nojien, neoGxoflHMbix flji5i onncannfi TonojiornnecKHX 
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3ap5IflOB H3 7T4^{S^) = Z^. CaMa B03M0>KH0CTb B03HHKHOBeHH5I B KJiaCCHMeCKOH 

TeopHH nojifl CBOHCTB HjiH HcpT KBaHTOBOH TCopHH noji5i npH onpeflejieHHOM 
KOCMOJiorHMecKOM CLi,eHapHH npeflCTaBji5ieTC5i HHTepecHofi h 3acjiy>KHBaioiii,eH 

BHHMaHH5I. 

rHnoTe3a o TonojiorHMecKoft npapofle 9JieMeHTapHt.ix 3ap5iflOB BbiCKa3a- 
Ha YHjiepoM [50j — npHMenHTejiBHO k pHManoBoft reoMCTpHH OTO. Bojiee 
H30iii,peHHa5i nonbiTKa reoMeTpH3aLi,HH (hjih TonojiorH3aLi,HH) sjieMenTapHbix 
3ap5iflOB, a TaK>Ke reoMeTpH3aLi,HH cnHHopoB, npeflnpHHHMajiacb CaxapoBbiM 
|51| . B ocHOBaHHH noflxofla — ycjio^KHeHHe TonojiorHH ynjiepoBCKHx 'py^ex' h 
npHBjieMeHHe TonojiorHMecKHx napaMCTpoB TpexMepHbix y3jiOB. OflHaKO, h3- 
MCHeHHe TonojiorHH npocTpaHCTBa (po:>KfleHHe 'py^Kn') He Mo:>KeT He conpo- 

B0>KflaTbC5I CHHryjI5ipHOCT5IMH, MTO MajIOHpHBJieKaTejIbHO, H Bp5Ifl JIH B03M05K- 

HO 'peryjiapHoe' onncaHHe nofloGnoro npoLi,ecca. 

B 3aKjiiOHeHHH o6cy>KflaiOTC5i Bonpocbi fljia flajibHeftniHx HccjieflOBanHft 
H B03M0>KHbie HOflxoflbi K Hx pemeHHK). 

Abtop npH3HaTejieH B.A.AjieKcaHflpoBy h B.M.Xau,HMOBCKOMy 3a nojie3- 
Hbie o6cy>KfleHH5i flHCcepTaLi,HOHHOH paGoTbi. 

3aiii,Hiii,aeMbie nojio:aceHHa 

1. B paMKax TeopHH a6cojiiOTHoro HapajijiejiH3Ma (All), to ecTb oflHofi 
jiopeHn,eBOH CTpyKTypbi (nojie penepoB c JiopeHn,eBOH CHrHaTypoft), o6T.eflH- 
HeHHe rpaBHTaLi,HOHHoro h sjieKTpoMaraHTHoro nojieii bo3mo>kho npn ysejiH- 
MeHHH pa3MepH0CTH npocTpancTBa: 

- TeH3op 3HeprHH-HMnyjibca onpefleji5ieTC5i sjieKTpoMarHHTHbiM nojieM; 

- KjiaccHMecKHe nocTHbioTOHOBCKHe 3(J)(J)eKTbi flji5i 'oHTHMajibHoro' ypaBHe- 
HH5I An TaKHe >Ke, xaK b Teopnn OTHOCHTejibHOCTH, a 94)4)eKTbi, 3aBHC5in],He 
OT CHHHa, MoryT cyn],ecTBeHHO OTjinnaTbca ot HpeflCKa3aHHH OTO. 

2. PacHpocTpaneHHe TecTa coBMecTHOCTH na cjiynan Bbipo>KfleHH5i penep- 
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HOfi HJIH KO-pCnCpHOii MaTpHLI,bI npHBOflHT K o6iii,eKOBapHaHTHOMy 4)opMajib- 
HOMy TecTy (Heo6xoflHMOMy ycjiOBHio) cymecTBOBaHHa CHHryjiapHOCTeft peme- 
HHii. Tpe6oBaHHe OTcyTCTBHa CHHryjiapnocTeii nosBOJiaeT (no-BHflHMOMy, oflHO- 
SHaHHo) Bt>i6paTb coBMecTHbie ypaBHenHa nojia AH (jieBO-npaBO KOBapnaHT- 
Hbie, BToporo nopflflKa, npHB0fl5iiii,He k saflane Komn), npHHCM 4)HKCHpyeTC5i 
H pasMepHOCTb npocTpancTBa-BpeMeHH (n = 5; 'GeccHHryjiapnoe' ypaBHeHne 
coBna/i,aeT c 'onTHMajibHbiM' ypaBHeHHeM AH). 

3. C4)epHHecKH-CHMMeTpHHHa5i saflana fljiJi SToro ypaBHeHHa cboahtcji jih- 
60 K oflHOMy ypaBHeHHK) BToporo nopjiflKa (npn onpeflejieHHOM Bbi6ope Koop- 
flHHaT), jih6o (b flpyrnx KOopflHHaTax) k CHCTeMe flByx ypaBHeHHft nepBoro 
nopiiflKa THna ypaBHeHHii raaoBOH flHHaMHKH fljiJi rasa HanjibirnHa. OTcyT- 
CTByioT CTaLi,HOHapHbie c4)epHHecKH-CHMMeTpHHHbie pemeHHa (xpoMe tphbh- 
ajibHoro), HO B03M0>KHbi pemeHH5i THna 6erym,eH oflHHOHHoii BOJiHbi ho paflH- 
ycy, npcflCTaBJiaiou],He HHTepec c tohkh apennfl KOCMOJiorHH. 

4. Saflana roMOTOHHHecKoii KJiaccH4)HKan,HH (jiOKajiHSOBannbix) pemeHHii 

H CHMMeTpHHHblX pemeHHH An CBOflHTCa K BblHHCJieHHK), COOTBeTCTBeHHO, a6- 

cojiiOTHbix H OTHOCHTejibHbix (b o6iii,eM cjiyHae — /c— aflHbix) roMOTonH^ecKHx 
rpynn (nofl)rpynn BpameHHH, OTBenaiomnx, cooTBeTCTBeHHO, sa Tonojiornne- 
CKHH sapafl H KBasHsapjifl. 

5. JXji^i n = 5 BbPiHCjiciibi KBasHsapfl^iibic rpynnbi chmmctphh, bkjik)- 
HaiomHx HenpepbiBHyio noflrpynny (b tom hhcjic corjiacyiomHxca c CHMMeT- 
pneii KOCMOJiorHnecKoro pemeHH5i). Mop4)H3Mbi KBasnsapaflOB, HHflyLi,HpoBaH- 
Hbie BJio»ceHH5iMH CHMMeTpHH, onpcfleji5iiOTC5i H3 anajiHsa CHMMeTpHHHbix ocna- 
meHHbix MHoroo6pa3HH. 

6. ripn onpeflejieHHbix 'KOCMOjiorHnecKHx ycjiOBnax' (HejiHHeftHOCTb myMa, 
SHepreTHHecKaa ycToiiHHBOCTb 6eccojiHTOHHoro coctojihhji) B03Mo:acHO bbc- 
fleiiHC cJjeHOMeHOjiorHHecKHx btoph^hbix (3+ l)-MepHbix nojieii fljia onHcaHH5i 
ycTOHHHBbix, ycpeflHeHHbix no flonojinnTejibnoMy nsMepennio, BOcnponsBOfln- 
Mbix napaMCTpoB 9BOJiion,HH TonojiornnecKHx KBasncojiHTonoB. 
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FjiaBa 1. YpaBHeHHa nojia 



CnaMajia BBOflHTca o6o3HaMeHH5i, onpeflejieHHa KOBapnaHTHbix BejiHMHH — 
TCHSopoB, Heo6xoflHMt.ie flji5i HanHcaHHfl KOBapnaHTHbix ypaBHenHft A6cojiiot- 



CHCTeM ypaBHeHHH BToporo nop5iflKa. SaTCM npHBOflflTca neoGxoflHMbie CBe- 

fleHH5I (onpeflejieHH5I H TeOpeMbi) H3 4)0pMajIbH0H TeOpHH COBMeCTHOCTH P3] 

flH{J)4)epeHLi,HajibHbix ypaBHenHft b nacTHbix HpoHSBOflHbix. OcHOBHbie STanbi 
anajiHsa coBMecTHOCTH neKOTopoft CHCTeMbi ypabnennft sto, BO-nepBbix, npo- 
BepKa HHBOJiiOTHBHOCTH CHMBOJia CHCTeMbi flHcjDcjDepeHi^HajibHbix ypaBHeHHft, a 
BO-BTopbix, — npoBcpKa najiHHHfl Heo6xoflHMbix TO^KflecTB fljiH npoflOJi>KeH- 
Hbix ypaBHeHHft. 06a STana MoryT 6biTb BbmojineHbi aa KOHCHHoe hhcjio ma- 
roB. Chmmctphh (o6n],eKOBapHaHTHOCTb) ypaBnennft All oneHb ynpomaeT sth 

fleftCTBH5I. 

SaTCM o6cy5KflaiOTC5i peayjibTaTbi pa6oTbi 9ftHmTeftHa h Maftepa [13], b 
KOTopoft nojiyMCHa KjiaccH(J)HKaLi,H5i coBMCCTHbix ypaBHeHHft An. riocKOjib- 
Ky coBMecTHbix ypaBHeHHft OKasbiBacTCH MHoro (b OTjinnne ot o6n],eft tco- 

PHH OTHOCHTCJIbHOCTH, TflC TpeGoBaHHC COBMCCTHOCTH H o6n],eKOBapHaHTHOCTH 

OflHOsnaHHO onpeflejiaeT bh^ ypaBnennft), Heo6xoflHMbi flOHOJiHHTejibHbie co- 
o6pa>KeHH5i, orpaHHHeHHfl p^jisi Bbi6opa nanGojiee npHBjieKaTejibHbix ypaBne- 
nnft. Ecjin BO BTopoft rjiaBC npoBOflnTC5i anpnopnbift noflxofl — BbiflBnraeTca 
Tpe6oBanne 0TcyTCTBn5i njin peflKOCxn pemennft c po>KflenHeM cnnryjinpno- 
CTeft, — TO B SToft rjiaBe axTHBHO npnBjieKaiOTCfl cooGpajKenna, CBflsannbie 
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C 3KCnepHMeHT0M: B03M0>KH0CTb aCHMHTOTHKH KyjIOHOBCKOrO (hJIH lOKaBCKO- 

ro) THna (to ecTb B03Mo:»<;HOCTb conocTaBjieHHJi aHTHCHMMeTpHHHoro TCHSopa, 
cocTaBJieHHoro h3 BTopbix npoHSBOflHbix nojia penepoB, c sjieKTpoMarHHTHbiM 
nojieM); npaBHJibHbie BejiHHHHbi fljia KJiaccHnecKHx nocTHbiOTOHOBCKHx 94)- 
4)eKT0B. 06a sth Tpe6oBaHH5i BbinojinaiOTCfl fljia eflHHCTBeHHoro BapnanTa 
TeopHH ('onTHMajibHbie' ypaBHeHHs), fljia KOToporo neoGxoflHMO BBeflenne flo- 
nojiHHTejibHbix npocTpaHCTBeHHbix HSMepeHHH (b cjiynae pasMepHOCTH 1 + 3 
ypaBHeHHJi 9Toro BapnaHTa TepaiOT peryjiapHOCTb) . 

1.1 06iii,eK0BapHaHTHbie ypaBHGHHa nojia penepoB 

CBoiicTBa npocTpaHCTBa, reoMeTpnii npocTpancTBa b TeopHH a6cojiK)THO- 
ro napajijiejiHSMa onpeflejiaeTCJi hojicm n— penepoB (BCKTopHbie nojia), hjih 
KO-penepoB (KO-BeKTopnbie nojia): 

MeTpHKa He jiBjiJieTca nesaBHCHMOH, a Bbipa:acaeTC5i nepes /i— HOjie h MaTpHLi,y 
jiopeHH,eBOH CHrnaTypbi 'r]ab'- 

9iiu = Vabh^'f^hK , rfle /y^^ = = diag(-l, 1, . . . , 1) . (1.1) 

OTHOCHTejIbHO KOOpflHHaTHblX npeoGpaSOBaHHH JiaTHHCKHe HHfleKCbl HMeiOT 

CKajiapHbiH, a rpenecKHe — BeKTopHbift xapaKTep. 

O penepHOM HOjie h{x) Mo:acHO roBopHTb KaK o Aopewneeou cmpyKmype, 

HOCKOJIbKy B An OHO flOHyCKaCT BMeCTe C KOOpflHHaTHblMH flH4)4)eOMOp(J)H3- 

MaMH (ho rpenecKOMy HHfleKcy) rjio6ajibHbie Hpeo6pa30BaHH5i flonojiHeHHoii 
rpynnbi JIopeHn,a 0*(1, n — 1) (k jiopeHLi,eBbiM Bpan],eHH5iM flo6aBji5ieTC5i Mac- 
HiTaGnoe npeoGpasoBanHe^) no jiaTHHCKOMy HHfleKcy: 

h*%{y) = Ks\h\ix)dx''/dy^ ; K > 0, s\ e 0(1, n - 1) . (1.2) 

^3to npocTO rpynna CHMMeTpHH HHepijHajibHbix KOop^HHaT. 
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YpaBHeHHii penepHoro nojia flOji>KHbi Gbitb HHBapHaHTHbi OTHOCHTejibHO jieBO- 
npaBbix npeoGpaaoBaHHii ( II ■21 ). to ecTb ppjiwiRhi sanncbiBaTbCii nepes Koeapu- 
anmHue BejiHMHHbi — Tenaopbi c HHfleKcaMH o6ohx copTOB, npeoGpaayiomH- 
ec5i anajiorHMHO (11 ■21 ). Tensopbi c jiaTHHCKHMH HHfleKcaMH 6yfleM nasbiBaTb 
jiopeHLi,eBbiMH HjiH L— TeH3opaMH (hjih, b OTHomeHHH KoopflHHaTHbix saMen, 
CKajiapaMH), a c rpe^ecKHMH — D— TensopaMH (xeHSopbi rpynnbi flHcj^- 

4)eOMOp4)H3MOB) . 

9to Tpe6oBaHHe Aeeo-npaeou KOBapnaHTHOCTH (hjih rpeKO-jiaTHHCKoii) aB- 
TOMaTHMecKH 6yfleT BbinojiH5iTbC5i, ecjiH npHflep>KHBaTbC5i cjieflyK)n],Hx npa- 
BHji: 

1. Hcnojib3yeTC5i KOBapnaHTHoe flH(J)(J)epeHLi,HpoBaHHe c CHMMeTpHMHofi cb5I3- 
HOCTbK), corjiacoBaHHOH c MeTpHKoii (11.11) : g^i^-x = 0. 

2. J^Jisi onepaLi,HH c jiaTHHCKHMH HHfleKcaMH (cBepTKa, noflHHTHe, onycKaHne) 
Hcnojib3yeTC5i r]ab, t]"'^', c rpe^ecKHMH — MCTpHKa g^'^ hjih g^,y] HaKOHeu,, flji5i 
H3MeHeHH5i THHa HHfleKca (nepeMena aji4)aBHTa) HCHOJib3yeTC5i penep ha^ hjih 
Ko-penep /i"^. 

3. Mo:«;ho bbccth noHATHe MameMamunecKou pasMepnocmu flji5i jiK)6oro ko- 
BapnaHTa ^ — cooTBeTCTBeHHO CTeneHH KOHCTaHTbi k, Ha KOTopyio ^ yMHO- 
:acaeTC5i npn MaciirTa6ffMx Hpeo6pa30BaHH5ix (11.21 ): nanpHMep: 

K 06bIMH0H (J)H3HMeCK0H pa3MepH0CTH MO:>KHO HepeilTH, eCJIH COHpOBOflHTb 

MaciHTaGHoe Hpeo6pa30BaHHe 3aMeH0H KOopflnnaT: 

x*'^ = Xx'^ , rfle \ = K ^ Torfla 

h/ ~ h\ ~ , T]ab ^ g^,v ^ A° , h\.^, - h t.^. 

TpeTbe HpaBHjio coctoht b tom, mto b ypaBHeHH5i hoji5i flOji:>KHbi BxoflHTb cjia- 
raeMbie oflHOH ('MaTeMaTHMecKoii' hjih '(|)H3HHecK0H') pa3MepH0CTH (KoneHHO, 
He HpeflH0jiaraeTC5i bboahtb KaKne-jinGo 'pa3MepHbie (|)yHflaMeHTajibHbie ho- 

CT05IHHbie'). 
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riocKOJibKy r]ab = T]"'^ = const, g^,^:x = , B KOBapnaHTHbix (LD—KOBa- 
pnaHTHbix) Bt.ipa>KeHH5ix (r^e, b MacTHOCTH, Hcnojib3yeTC5i tojibko KOBapnaHT- 
Hoe flH4)4)epeHLi,HpoBaHHe) mo>kho ne pasjiH^aTb BepxHHe h hh^khhc HHfleKCbi 
H onycKaTb npn CBepxKax r/"^ h (/^^, noflpasyMeBafl'* 

^ ..a..a.. ^..a..b..'l i ^ 

Ha nepBbix npoH3BOflHt.ix /i— nojia onpefleji5iiOTC5i Tensopbi 
Sflecb, KaK o6biMHO [SIIHIEH], KBaflpaTHbie cko6kh osHaMaiOT ajibTepHHpoBaHne 

HHfleKCOB (a Kpyrjibie — CHMMeTpHSai^HIo). OtMCTHM CBOfiCTBa CHMMeTpHH 
flJI5I A H 7: 

^ahc -^acbt ^abc ^baci 

rfle, pa3yMeeTC5i, Kahc = Aa^^h^h/. 

HenpHBOflHMbix MacTeft sthx TensopoB HcnojibsyiOTCfl o6o3HaHeHH5i 

Sabc = 3A[a5c] = Aabc + A^ca + ^cab = Ql[abc] ! (1-4) 
$a = TJ^^Abca = Abba = 'labb ■ (1-5) 

yHHTbiBa5i ( II ■41 ). ( 11.31 ) HeTpyflHO BbipasHTb 7 Mepea A: 

labc = -^{Aabc + Abca " Acab) ■ 

BeKTop ecTecTBeHHO nonpoGoBaTb conocTaBHTb c BeKTop-noTeHi],HajiOM 

(b03M0>KH0, C TOMHOCTbK) flO KaKOrO-TO K03(J)(J)HLI,HeHTa) SJieKTpOMarHHTHOrO 

nojia; 3thm oGMCHfieTCfi cjieflyiomee o6o3HaMeHHe flji5i MacTH BTopbix npoHS- 
BOflHbix /i— noji5i: 

/^^ = 2$[^.^] = - , (1.6) 



HJIH fab = ^a,b " ^b,a + $cA, 



cab 



'llpH TaKOM corjiameHHH HyjKHO opneHTHpoBaTbCfl tojibko na '(|)H3H^ecKyio' pasMepnocTb. 
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HacTO yflo6HO nepexoflHTb k jiaTHHCKHM (cKaji5ipHbiM) HHfleKcaM (KOBapnaHT- 
Hoe flH4)4)epeHLi,HpoBaHHe i?— CKajiapHbix BejiHHHH CB0flHTC5i K oGbiMHoii Mac- 
THOH npoHSBOflHofi). B npeflbiflyiii,eM ypaBHeHHH Hcnojib3yeTC5i cjieflyiomee no- 
jiesHoe coKpameHHe: 

,« = . (1.7) 

ripH flH(J)(J)epeHLI,HpOBaHHH D — CKajI5ipHbIX BejIHMHH HMeCM npocToc npaBHjio 

nepecTanoBKH CKaji5ipHbix HHfleKCOB flH(J)(J)epeHLi,HpoBaHH5i (sflecb ^ - D-CKa- 

JI5ip, TO eCTb MO:>KeT HMCTb TOJIbKO JiaTHHCKHe HHfleKCbl): 

IlpH HajiHHHH rpenecKHx HHfleKCOB no5iB5iTC5i 6ojiee rpoMOSflKne MjieHbi c TeH- 

SOpOM pHMaHOBOii KpHBHSHbi: 

Tensop kphbhshbi no onpeflejienHio mo^kho BbipasHTb nepes 7 (h A) 

Rafii^X = '^Kn-[iy;X] = '^7a^i[u;X] ■ (1-9) 

JXjisi TeH3opa Phhmh h CKajiapHOH kphbhshbi cjieflyiOT nsBecTHbie Bbipa:>KeHH5i 
(cm., HanpHMep, [HI §98]): 

Rab = —^{ab)c,c — ^{a,b) " -^^cda{^cdb + ^dcb) + -^^acdMcd " ^{ab)c^c , 

R = -2$c,c - ^AabcKbc + ^SabcSabc " *^>a^a • (l-lO) 

riofloGHO TOMy, KaK H3 onpeflejieHHfl Tenaopa pHManoBoft kphbhshbi (11.91) 
cjieflyiOT To:>KflecTBa BnaHKH (xoTopbie BBHfly hx nsBecTHOCTH TyT He npn- 

BOfl5ITC5l), H3 OnpeflejieHHH ( 11.31) . ( 11.41) . ( 11.61) CJieflyiOT COOTBeTCTBCHHO CBOH 

T05KflecTBa: 

Aa[;..;A]=0 (h3(0)) (1.11) 
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HjiH Kbc4 + Kdq\bc + {bed) = ; (|1-11|) 
VA;e] = 3/2A„[^,A^,] (h3 (O)) ; (1.12) 

f[,.;X] =0 (h3 (O)) . 
CsepTKa flByx HHfleKCOB b ( 11.111 ) flaeT TOJKflecTBO 

Aa6c,a + Ac = . (1.13) 

PaccMOTpHM LD— KOBapnaHTHbie ypaBHeHHfl penepHoro noji5i BToporo no- 
p5iflKa. Safla^a Komn mo^kct HMCTb oflHO pemeHne, ecjiH mhcjio (KOMnoHeHT) 
ypaBHeHHH npeBbimaeT mhcjio KOMnoHeHT noji5i (n^) MHHyc n (yMHTbiBafi npo- 
H3B0JI B Bbi6ope KOopflHHaT), HO 3Toro ycjiOBH5i HeflocTaTOMHO. HanpHMep 

ypaBHCHHe Rabcd = (cm. ( 11.91) ) He npHBOflHT, OMeBHflHO, K OflHOSHaMHOii 

safla^e KoniH (xot5i npn 6ojibmHx n ypaBHeHHH onenb MHoro). 

ByfleM paccMaxpHBaTb CHCTeMbi ypaBHeHHH — ypaBHeHH5i OTBenaiOT 
Tensopy BToporo panra, KOTopbift yfloGno pasflejiHTb na CHMMeTpHHHyio h 

aHTHCHMMeTpHHHyiO HaCTb. 'OflHOSnaHHOCTb' SaflaHH KOHIH SaBHCHT OT CTap- 

HiHx HjienoB (cTapniHx HpoHSBOflHbix) ypaBHeHH5i HJIH OT cuMGOAa ypaBHeHHH: 
Hy>KHO, HTo6bi H3 ypaBHeHHH (h To:>KflecTB) cjieflOBajiH (xaK flH4)4)epeHLi,Hajib- 

Hbie CJieflCTBHfl) 'KOBapnaHTHbie 9B0JIK)LI,H0HHbie ypaBHeHHH ' flJIH (KOMHOneHT) 

ocHOBHoro KOBapnaHTa Aabc, T.e. ypaBHennfl Tnna 

^a,b,b = A^, Sabc,d,d = A^, Aabc,d,d = + A^. 

YHHTbiBafl 0HpeflejieHH5i ( 11.41) . ( 11.51) . ( 11.61) . a TaK»:e TO^KflecTBO ( 11.131) . mojkho 
cjieflyK)n],HM o6pa30M aaHHcaxb CHMMeTpHnnyio h aHTHCHMMeTpHHHyio nacTH 
(jieBO-HpaBo) KOBapnaHTHbix ypaBHeHHii All: 

G^, = 2A(^,)A;A + (t($^;. + - ^g^.^x^x) + (A') = 
= -2G^, + (2a - 2)($(^.,) - g^,^x;x) + ^^.(A^) = 0, (1.14) 
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rfle A^-MjieHbi j^ojiyKHhi onpefleji5iTbC5i h3 ycjiOBH5i coBMecTHOCTH; G^jy = 
R^iy ~ ~ TeH3op SftHniTeHHa [21 E|- riepBbie — HanGojiee Ba:«;Hbie — 

CTapniHe MJienbi b (11 .ML (11.151) bshtbi c K03(J)(J)HLi,HeHT0M eflHHHLi,a, nocKOJibKy 
Hx HCMesHOBeHHe HapymaeT oflHosnaMHOCTb aafla^H KoniH. OcTajibHbie cxap- 
niHe MjieHbi onpefleji5iiOTC5i flByM5i npoHSBOJibHbiMH KOHCTaHxaMH cr h r; Bbi6op 

(c nOMOmbK) SaMeHbl G^^j^ G^jy + I^QixyGw) K094)4)HLI,HeHTa npH Qfxu^X^X 

CTaneT flcen no3>Ke (cm. (11.161) ). 

/]^H(J)(J)epeHLi,HajibHbie cjieflCTBH5i h3 (11.141) . (11.151) [npodoADfceHHue ypaB- 
HeHH5i) flaiOT flBa ypaBHeHH5i MaxcBejijia 

Gf,„;^ = {(J- l)ff,„;^ + 2{a - l)R^„^^ + U^„.^ = , 
KOTopbie flOJi>KHbi 6biTb corjiacoBaHbi flpyr c flpyroM, to ecTb aoji^kho cyme- 

CTBOBaTb OflHO TO:>KfleCTBO BHfla 

tG^.;. + (1 - ^)H^. = (AG, AH). (1.16) 
B pa6oTe SftHniTeftHa h Maftepa |13| 6bijiH nepe^HCJieHbi ypaBHeHH5i, o6jiafla- 

K)III,He TaKHM TOJKfleCTBOM. 

EcjiH r 7^ 0, '9JieKTpoMarHHTHbiH tok' TpHBHajien h ypaBHeHHe J^;^ = 
o6paiii,aeTC5i b To:«;flecTBO aBTOMaTHMecKH: 

J^,(AA') ocl^^,]., , J^,, = Q. (1.17) 

B cjiynae >Ke r = cymecTBOBanHe BToporo TO>KflecTBa, TaK>Ke Heo6xoflHMoro 

flJI5I COBMeCTHOCTH CHCTeMbI, flOCTHraeTCfl C GojIbniHM TpyflOM [25| : 9T0T cjiy^aH 

noflpoGno paccMaTpHBaeTca b §1.3 (oh saMenaTejieH TaK>Ke OTcyTCTBHCM ko- 
CHHryjiiipHOCTeft h rpaflHeHTHofi KaTacTpo4)bi, §2.2). 

Sflecb CTOHT CKasaTb HecKOjibKO cjiob o6 o6o3HaHeHH5ix, npHH5iTbix B pa6o- 
Tax BfiHniTeHHa (h Mafiepa) no All [TT|, [T2], [T3] . TaM ncnojibsoBajiocb flpyroe 
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KOBapnaHTHoe flH4)4)epeHLi,HpoBaHHe (oGosHa^HM ero HaflnepKHyTbiM chmbo- 
jiOM "f ) — c HecHMMeTpHHHoii CB5i3HOCTbK), KOTopa5i onpefleji5ieTC5i TpeGoBa- 
HHeM 'corjiacoBaHHOCTH c penepoM': 

haij/,u ~ 0, T.e. hajj^^jy Y ^j^h^x = , T^^^ = hd^^p . (1.18) 

AHTHCHMMeTpHMHa5I MaCTb CB5I3HOCTH HeCHMMeTpHMHOH F oGpaSyCT TeH30p 

KpyMeHH5i, TCHSop A B HaniHx o6o3HaMeHH5ix: 

_ pA .A 

KaK JierKO noHATb, Tenaop (penepnoft) kphbhshbi R fljiH cb5I3hocth F paBen 
Bcerfla nyjiio. ^eftcTBHTejiBHO, BBHfly TOJKflecTBa /ia^> = 0, mo>kho saMeHHTb 

i? — TeHSOpbl Ha L — TCHSOpbl {hafi MOWiRO npOHOCHTb CKBOSb flH4)4)epeHLi,Hpo- 

BaHHe }), H npaBHjio nepecTaHOBKH HHfleKCOB flH4)4)epeHLi,HpoBaHH5i CBefleTca 

K Bbipa^KeHHK) ( 11.81 ). rfle hot HJICHOB C TeHSOpOM KPHBHSHBI (flJI5I D — CKajI5ipOB 

oflHHaKOBbi o6biMHoe H KOBapnaHTHoe flH4)4)epeHLi,HpoBaHHe — c jiioGoh cb5I3- 
HOCTbio). To^KflecTBeHHoe paBencTBO R = OTpasHjiocb b nasBanHH TeopHH 
— a6cojiK)THbiH napajiJiejiHSM. 

TaKHM o6pa30M, mtoGm nepeftTH k naniHM o6o3HaHeHH5iM, b ypaBHeHH5ix 
|11L fT2l [13J flocTaTOMHO saMenHTb rpe^ecKHe HHfleKCbi na jiaTHHCKHe (a flHcJ)- 

{|)epeHLI,HpOBaHHe ( 11.181 ) C HeCHMMeTpHMHOfi CB5I3HOCTbK) — Ha 'cKaji5ipHoe' 

flH(|)(|)epeHLi,HpoBaHHe ( 11.71 )). 

CTpeMjienne 'coxpaHHTb' o6biMHoe KOBapnaHTHoe flH(J)(J)epeHLi,HpoBaHHe (a 
TaK:>Ke pHManoBy KpHBHSHy h pHManoBbi reoflesHMecKHe) HaiifleT oGMCHeHne 

B KOHLI,e 9T0H TJiaBbl (§1.7), KOPfla 6yflyT 06cy>KflaTbC5I nOCTHblOTOHOBCKHe 

9(J)(J)eKTbi. B npHHLi,Hne, mojkho paccMaxpHBaTb npoHSBOJibHyio K0M6HHaLi,HK) 
CHMMeTpHMHOH H HecHMMeTpHMHOH (F) CB5i3HOCTeH, H TOJibKO anajiHS peiiie- 
HHH ypaBHeHHH (HHTepnpeTaLi,H5i KOBapnaHTOB, Tenaop sneprHH-HMnyjibca) b 

SaBHCHMOCTH OT Bbl6opa ypaBHeHHH An MOJKeT flaXb HpeflHOHTeHHe TOH HJIH 
HHOii CB5I3HOCTH. 
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1.2 Heo6xo/i,HMbie CBe^eHHa h3 xeopHH coBMecTHOCTH; 

HHBOJIIOTHBHbie CHMBOJlbl 



CoBpeMeHHaa Teopna coeMecmHocmu hjih cfjopMaAtHou UHmezpupyeuo- 
cmu CHCTeM ypaBHenHft b ^acTHbix npoHSBOflHbix (|)opMyjiHpyeTC5i, KaK npa- 
BHjio, c npHBjieMeHHeM cjio>KHt.ix MaTCMaTHMecKHx MeTOflOB |32| . CymecTByeT, 
oflHaKO, 6ojiee npocToe h fleMOKpaTHMHoe H3Jio>KeHHe 3toh TeopHH — KHHra 
}K. rioMMape j23|, rfle npHB0flHTC5i KOHe^HbiH peLi,enT hjih ajiropHTM npoBepKH 

COBMeCTHOCTH HpOHSBOJIbHOH CHCTeMbI (HejIHHeHHblx) ypaBHeHHH. 

CoBMecTHOCTb CHCTeMbI ypaBHCHHii npocTO osHaMacT, MTO cymecTByiOT 
4)opMajibHbie pemeHH5i b bh^c p5ifla Tefijiopa. TeopH5i cobmccthocth TaK:>Ke 
yKasbiBacT, KaKOB npoHSBOJi b Bbi6ope pemeHH5i — CKOJibKO npoHSBOJibHbix 

K094)4)HII,HeHTOB MO>KHO Bbl6paTb B Ka^KflOM nOpflflKC p5Ifla. 

riycTb S — TpHBHajibHoe paccjioenHe pasMepnocTH m + n (npocTpancTBO 
j^m+n ^ KoopflHHaTaMH (x, y)) Hafl n— McpHbiM npocTpancTBOM X c npoeKLi,H- 
eft TT (tt : ^ X). HesaBHCHMbie nepeMennbie — KOopflnnaTbi Gasbi X 
(b 3T0M naparpa(|)e /i = 1, . . . ,n), saBHCHMbie nepeMeHHbie (A — Ha6op 
HHfleKCOB) cjiy>KaT KOopflHHaTaMH CJI05I. J^ji^i noflpo6Horo onHcaHH5i ceMeHHH 
y = f(x) paccjioeHH5i S paccMaTpHBaiOT TaK>Ke paccjioeHH5i a^kctob Jq{S), r^e 

flo6aBJI5IIOTC5I KOOpflHHaTbl — K09(J)(J)HLI,HeHTbI TCHJIOpOBCKOrO pa3JIO:>KeHH5I 
(r = fli ■ ■ ■ fli — COCTaBHOH HHfleKC, |r| = /) 



/^(z) = y^{x)+pf^{x){z^ - xn +pU^){z^ - ^")(^' - + 



= Ei^r(^-:^)V|r|! (|r|>o, / = 

r 



HMeeTC5i Ha6op ecTecTBenHbix OTo6pa>KeHHH (npoeKLi,HH) 

Trf^ : J,+r{n ^ J,{S) ; dim J,{S) = n + m^-^-^ . 
^H4)4)epeHii,HajibHoe ypaBnenHe nop5iflKa q (cHCTeMy; HnflCKCbi nnorfla 6y- 

flCM flJI5I KpaTKOCTH OHyCKaTb) 
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mo:«;ho TaK>Ke noHHMaTb xax ypaBHeHne Ha paccjioeHHH Jq{^)- 

F{x-pr) = (0<|r|<g), 

saflaiomee neKOTopoe noflMHOJKecTBO IZq C Jq{S)- 

/]^H(J)epeHLi,HpoBaHHe cncTeMbi IZq onpefleji5ieT r-npodoAotceHHue cncTeMbi 
ypaBHeHHH 

nq+r C Jq+r{£) : F {x' p) = 0, F' = 0, ■ ■ ■ , = Q, 

, dF dF 

rfle, HanpHMep, (F% = d^F = ^-^ + -Q^PTfi ■ 

CncTeMa Tlq Ha3biBaeTC5i pegyAMpnou, ecjin IZq-^-r npn Bcex r > ABjiJieTca 
paccjioeHHbiM noflMHorooGpasneM b Jq+r{^)- 

ripoBepKa peryji5ipH0CTH cncTeMbi CB5i3aHa c paccMOTpeHneM BcnoMora- 
TejibHbix BCKTopHbix paccjioeHHH Hafl 7?.g, paHr KOTopbix He flOji^Ken MeH5iTbC5i. 
HanpHMep, KacaxejibHbie (KOKacaTejibHbie) paccjioeHH5i oGosHanaeM TiJZq) C 
T{Jq{S)), |r|, |A| < g KoopflHHaTbi (x, j9r; "w, i^a) (cooTBeTCTBeHHo, r*(X)). 

Ba>KHbiM flji5i 4)opMajibHoro anajinaa ypaBHeHHH 5iBji5ieTC5i H0H5iTHe cum- 
eoAa cucmeMU IZq — Tax nasbiBaeTCH ceMeftcTBO Gq C TiJZq) BeKTopnbix 
HpocTpancTB nafl IZq^ 'nopo^KfleHHoe' CTapmHMH fl>KeTaMH pr, |r| = h 
OHpefleji5ieMoe ypaBHenneM 

dF 

Gq-. -— (x; j3)t;r = 0, |r| = {x]p)^TZq. (1.19) 
opY 

PasMepnocTb CHMBOJia OHpefleji5ieTC5i hhcjiom CTapmnx fl^KexoB (cTapmnx npo- 
HSBOflHbix) H KOJiHHecTBOM Np ypaBHeHHH CHCTeMbi IZq (hjih, hto TO >Ke caMoe, 
CHCTeMbi ( II. 191 ). OHpefleji5Hon],eH chmboji): 

dimG, = m^i^^i|:-iV^ (1.20) 
q\ [n — 1)1 

J^ji^i HaniHx n,ejieH Ba^KHbi cjieflyioni,He yTBep>KfleHH5i h3 |23| . 
YcjiOBHe 4)opMajibHOH HHTerpHpyeMOCTH (Cjie/i;cTBHe 4.9.) 

nycrah IZq C Jq{S) — cucmeMa nopndna q na paccAoeuHOM MH020o6pa3uu S , 
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maKaM nmo IZq+i — paccAoeuHoe nodMH020o6pa3ue e Jq^i{8). Ecau cumgoa 
Gq 2-a%UKAUHeH u omoOpajfceHue tt^^^ : 7?.q+i IZq CTopneKmueno, mo cu- 
cmeMtt IZq (popMaAhHO UHmezpupyeMa. 

YcjIOBHe HHBOJIIOTHBHOCTH (CjieflCTBHe 4.11.) 

Ecau cumooa Gq UHeoAwmueen, a omo6pa9fceHue 7t^~^^ : TZq+i IZq ctopneK- 
mueno, mo cucmeMa IZq UHeoAwmuena. 

ClOpTDeKTHBHOCTb OTo6pa>KeHHfl TT^^^ 03HaMaeT npOCTO, MTO 

HaM noHaflo6HTC5i Tax^Ke cjieflyiomee ycjiOBHe hhbojiiothbhocth (cjiefl- 
CTBHe Onpe^ejieHHa 2.16 h3 [^): 

ChMBOJI Gq HHBOJIIOTHBeH, eCJIH BbinOJIHeHO COOTHOUieHHe 

dimC^+i = dimG^ + dim + • • • + dimG^"^ (dimC;^ = 0). (1.21) 

Sflecb BBefleHbi noflnpocTpancTBa C Gq, KOToptie onpefleji5iioTC5i flo6aBjie- 
HHCM K ( 11.191) (ne KOBapnaHTHbix) ypaBHeHHH (G^ = Gq): 

^Mi-Mfc-M, = 0' ™ ^^k<l ■ (1-22) 

npHMeneHHe xeopHH coBMecTHOCTH K ypaBHeHHaM All 

B An KOJiHMecTBO nojieft m paBHO n^. B Ka^ecTBe npHMepa paccMoxpHM 
CHCTeMy 7Z2 BHfla 

Ea;. = K^,.■u + ^a^(A') = 0. (1.23) 

npoflH4)4)epeHLi,HpoBaB ypaBHeHH5i ( 11.231) . mo>kho nt.iTaTbC5i hckjuomhtb b neKO- 
Topoft K0M6HHaLi,HH npoflOJi>KeHHbix ypaBHeHHH 7Z^ CTapmne HpoHSBOflHbie {h'"). 
TpeGoBanne ciopTDeKTHBHOCTH OTo6pa>KeHH5i Trf : IZ^, IZ2 osnanaeT, hto npn 
3T0M Mjiaflmne MjieHbi TaK>Ke flOji:>KHbi coKpaiii,aTbC5i npn y^eTe ypaBHeHHii 
7Z2, T.e. flOji:>KHO cymecTBOBaTb cooTBeTCTByiomee TO>KflecTBO. B npoTHBHOM 
cjiy^ae no5iBji5ieTC5i HOBoe, npn^eM HeperyjiapHoe (b nepBbix fl>KeTax) ypaB- 
HCHHe BToporo nop5iflKa THna h'h" = (TOMHee AA' = 0); HeperyjiapHoe — 
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noTOMy MTO CHMBOji G2 flonojiHeHHoii CHCTeMbi 6yfleT onpefleji5iTbC5i TaK:>Ke 
npoHSBOflHbiMH h' H dim G* 6yfleT MeH5iTbC5i npn h' ^ (TOMHee A ^ 0). 

CHCTeMbi ( 11.231) eflHHCTBeHHOH K0M6HHaU,HeH TaKOrO COpTa 5IBJI5ieTC5I 

ypaBHCHHe E^^;^ = 0, hphhcm b cjiynae Aa^ = HMeeTC5i OHeBHflHoe TO>Kfle- 

CTBO Ea^;^ = 0. 

Tenepb npoBcpHM HHBOJiiOTHBHOCTb CHMBOJia CHCTCMbi ( 11.231) : npn ana- 
jiHse CHMBOJTOB yfloGnec HcnojibsoBaTb CBKJiHflOBy cnrnaxypy (pasMepnocTH 
npocTpancTB ot SToro ne H3MeH5iTC5i) h HHfleKCbi a, . . . , = 1, . . . , n . 

Chmboji G2 (BCKTopHoe npocTpancTBO nafl R2) chctcmbi ( 11.231) mo:>kho 
onpeflCjiHTb jiHHeHHbiM ypaBHCHHeM (cm. ( 11.191) 

c^E 

G2 : Gap = 7^7-^^cM,.A = . (1.24) 

B KOOpflHHaTaX Vab,cd fl:>KeT-HHfleKCbI OTflejICHbl 3an5ITOH, MT06bI HOflMCpKHyTb 
HX CHMMeTpHHHOCTb OTHOCHTCJIbHO HCpeCTaHOBOK. IlpOBepilTb HHBOJiiOTHBHOCTb 

CHMBOJia naflo nafl bccmh TonxaMH (x, /i, /i', h") h3 i?2, oflnaKO b ( 11.241) bxo^ht 
TOjibKO MaTpHii,a /i"^, KOTopyio sa chct KOopflnnaTHbix npeoGpasoBaHHii mo:*;- 

HO CflCJiaTb eflHHHHHOH, CCJIH HeBbipO>KfleHa. ECJIH h"'^ = ^1^, TO ypaBHCHHe 

CHMBOJia ( 11.241) coBHaflCT c jiHHeapH30BaHHbiM ypaBHCHHeM: 

Gab = Vab,cc - Vac,cb = . (1.25) 

3to ypaBHCHHe OTjinnacTca ot ypaBHCHHii MaKCBCjijia ab^cc ~ cic,cb = tojibko 
"jiHmHHM"HHfleKCOM "a"; k ( 11.231) mo:>kho HpHCoeflHHHTb (anajiorHHHO at^b = 
0) ypaBHCHHe ha^^vQ^^ = 0, OHpefleji5iioiii,ee cncTCMy KOopflnnaT ((|)HKCHpyio- 
iii,ee KajinGpoBKy) . ITosTOMy ohcbhaho, hto cncTCMa ( 11.231) hmcct oflHoanaHHoe 
(c TOHHOCTbK) flo KajinGpoBKn) pemcHHe aaflann Komn. noxo>KHMH b 3tom ot- 
HomeHHH (oflHOsnaHHOCTb saflaHH Koiiih) 6yflyT chctcmm THna ( 11.141) . ( 11.151) . 
KOTopbie HMCiOT oflHHaKOBbic c CHCTCMOH ( 11.231) BejiHHHHbi dim (j'2+r flJi^i Bcex 
r. 

YHHTbiBaii ( 11.201) . ( 11.221) . ( 11.251) . onpefleji5ieM SHaHeHHa dimGs h dimG2 
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flji5i CHCTeMbi ( 11.231 ): 

dimGa = n^(n + l)(n + 2)/6 - + n, (1.26) 

dim G\ = n^{n - i){n - i + I) /2 - + n^S"^ + nS'^_^. (1.27) 
B ( 11.261) nepBbiH MJien Bt.ipa»:aeT mhcjio KOopflHHaT Vab,cde c y^eTOM chmmct- 

PHH fl^KeT-HHfleKCOB, BTOpOH — MHCJIO ypaBHeHHH E' = 0, TpeTHH — MHCJIO 

TO^KflecTB flji5i 9THX ypaBHeHHH. AnajiornHHO b ( 11.271) : nepBbiH Hjien Bbipa>Ka- 

eT MHCJIO KOOpflHHaT Vab,cd C yMCTOM ( 11.221) {q = 2), BTOpOH — MHCJIO ypaBHe- 
HHH ( 11.251) . TpeTHH — TOT 4)aKT, HTO flji5i G2 ypaBHeHHfl ( 11.251) o6pani,aiOTC5i b 
To:>KflecTBO HpH yneTe ( 11.221) . HaKoneii,, Hjien n6l^_i floGaBjien, HOCKOjibKy flji5i 
HpocTpancTBa G2~^ o6pan],aiOTC5i b TO]«flecTBO n ypaBHeHHH h3 ( 11.251) : 

Gan = Van,nn " Van,nn = {h - '4)HKCHpOBaHHbIH' HHfleKc). 

IToflCTaBHB 3HaHeHH5i ( 11.271) . ( 11.261) . neTpyflHO npoBepHTb, hto ( 11.211) bbihoji- 

H5ieTC5I, to eCTb CHMBOJI G2 CHCTeMbi ( 11.231) HHBOJIIOTHBeH (eCJIH HeBbl- 

po>KfleHa). ripn HajiHHHH TO>KflecTBa (Tnna E^^;^ = EA) 9to oGecnennBaeT 
coBMecTHOCTb CHCTeMbi ( 11.231) . TO ecTb rapaHTHpyeT aBTOMaTHnecKoe najin- 

HHe TOJKfleCTB B CJieflyiOII],HX H0p5IflKaX flH(J)(J)epeHII,HpOBaHH5I. 

Bbipa:>KeHH5i ( 11.261) h ( 11.271) cnpaBefljiHBbi h flji5i HpoHSBOjibHoii CHCTeMbi 
( 11.141) . ( 11.151) . KpoMe cjiynaii r = (Kor^a BTopoe TO>KflecTBO ( 11.171) ne bbihoji- 
HJieTCii aBTOMaTHHecKn), Kor^a b ( 11.271) cjie^yeT flo6aBHTb Hjien +^^_2, t.k. 
B 9T0M cjiynae ypaBnenne h^^ = 0(m = n — 1) (cm. ( 11.191) . ( 11.241) . ( 11.141) ) 
H3 ( 11.191) flji5i G2^^ o6paii],aeTC5i b to^k^cctbo npn yneTC flOHOJiHHTejibHbix 
ypaBHeHHH ( 11.221) : 

sflecb c 7^ n, m (naHOMHHM, hto S^i^x = *S'[^jyA])) nosTOMy 9to ypaBHenne co- 
flep:>KHTC5i B ( 11.221) . 

HeTpyflHO HOjiyHHTb Tax^KC Bbipa^KCHHii flji5i dim G\ h dim G4, cnpaBefljin- 
Bbie KaK flji5i ( 11.231) . Tax h fljia ocTajibHbix BapnanTOB (xpoMe r = & cr = 1, 
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Korfla 'hot ypaBHeHHfl MaKCBejijia' h, SHannT, ypaBHeHH5i ^a,b,b + • • • = 0, 
Heo6xoflHMoro fljia oflHOSHaMHOCTH aaflann Komn) 

dimG^ = n^Ct^+2 - n\n - i) + n(l - (5;) , 
dimG4 = n^C^+s - ^^(n + l)/2 + . 

nOflCTaBJI5I5I 3TH Bbipa:>KeHH5I B ( 11.211 ) , MO:>KHO flOKaaaTb HHBOJIIOTHBHOCTb CHM- 

BOjia G3. 

HTaK, B cjiy^ae r = 0, cr 7^ 1 chmboji G2 CHCTeMbi ( II .Ml ). ( 11.151 ) HenH- 
BOjiiOTHBeH, HO ero npoflOji:»;eHHe G3 — hhbojiiothbho, h flji5i coBMecTHOCTH 
CHCTeMbi naflo o6ecneHHTb nepBbie flBa TOJKflecTBa (pasHoro nop5iflKa no flH4)- 
4)epeHLi,HpoBaHHio) . 

1.3 KjiaccH<J)HKaLi,Ha SnHinTeHHa-MaHepa 
coBMecTHbix ypaBHeHHH aScojiiOTHoro napajijiejiH3Ma 

B pa6oTe ^| BfiHinTeiiH h Maiiep npoBejin nojiHbiii hohck coBMecTHbix 
ypaBHeHHii All BToporo nopaflKa. ToHHee, OTbiCKHBajincb ypaBHeHH5i, oGjia^a- 
lomHe 'oflHHM nexbipexMepHbiM TO>KflecTBOM' (b [13j pasMepnocTb npocTpancTBa- 
BpeMCHH npeflnojiarajiacb 4)HKCHpoBaHHOH, n = 4, nosTOMy TO^KflecTBO ( 11.161 ) 
OTBenajio neTbipexMepnoMy BCKTopy). HajiHHHe TO>KflecTBa ne rapanTHpyeT 
coBMecTHOCTH TOJibKO B peflKHx cjiy^aiix, o KOTopbix 6yfleT CKasano flajibine. 
ypaBHeHH5i noji5i b [T3| ne pasfleji^jiHCb, xax npaBHjio, Ha chmmctphh- 

HyK) H aHTHCHMMeTpHHHyiO HaCTH ( 11.141 ). ( 11.151 ). HO 6pajIHCb B BHfle TaKoii 
K0M6HHaH,HH 3THX HaCTCH, KaKa5I BXOflHT B TO>KfleCTBO ( 11.161 ). Oco6orO BHH- 

MaHH5i Tpe6yK)T, H09T0My, cjiynan, Kor^a b stj KOM6HHaLi,Hio bxoaht tojibko 

CHMMeTpHHHOe, JIh6o TOJibKO KOCOCHMMeTpHHHOe ypaBHCHHe. 

Ha neTbipex KjiaccoB cobmccthbix (o6jiaflaioii],Hx TO>KflecTBOM) ypaBHeHHii 
H0JI5I, HaftfleHHbix B |13| . HanGojiee npocTO Bbirji5iflHT cjiynaii Il22ii2- B351B 

HpOHSBOJIbHblH TCHSOp TpCTbCrO paHra, JIHHeHHblH HO A H aHTHCHMMeTpHHHblH 
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no flByM (nocjieflHHM) HHfleKcaM 

Kabc = La[bc] = a^bc + bSabc + CTJab^c " CTJac^b , 

MOJKHO sanHcaTb npocToe ypaBnenHe BToporo nop5iflKa (flJifl nojia h) 

= Ka^,,,, = (1.28) 

C OneBHflHbIM TO^KfleCTBOM 

K094)4)HLI,HeHTbI (J H r HeTpyflHO CB5I3aTb c a, 6, c 

c a + c 

(j = — , r= — . 1.29 

a ' a + 26 ^ ^ 

rio npHMHHaM, H3Jio>KeHHbiM B npeflt.iflyiii,eM naparpa4)e, cjiy^aH a = h/hjih 
a + 26 = OTBe^aiOT necoBMecTHbiM ypaBnenHiiM (necMOTpii na najiHMHe to>k- 
flecTBa), TaK mto mo>kho nojio>KHTb a = 1. Oco6biM 5iBji5ieTC5i TaKJKe cjiynaii 

a + c = , Korfla cr = 1, r = 0, 

H Korfla fljiH coBMecTHOCTH Heo6xoflHMbi flBa TO>KflecTBa (ypaBHeHHe MaKCBeji- 

Jia He CJieflyeT HH H3 CHMMeTpHHHOft, HH H3 aHTHCHMMeTpHHHOft naCTH CHCTeMbI 

ypaBHeHHft); HexpyflHO y6eflHTbC5i, hto BToporo TO>KflecTBa nex. 

CjieflyiomHii OHeBHflHbiii Kjiacc coBMecTHbix ypaBHeHHft All — Kjiacc (flByx- 
napaMeTpHnecKHH, xax h npeflbiflyn],Hft) jiarpan^KeBbix ypaBHeHHft, KOTopbift 
B [13] o6o3HaHeH KaK Ii2. Bo3bMeM jiarpaH>KHaH hC, r^e /i = det/i"^, £ — 

HpOH3BOJIbHblft 'HOJIHblft' CKajIflp (LD — CKajI5ip) ; TO eCTb 

YHHTbiBafl CBoftcTBa CHMMexpHH TeH3opoB A H 5*, Hpeo6pa3yeM flH4)4)epeHu,H- 
aji: 

dC = -KabcdAabc = Kabcd{ha^,yhb^hc) , 
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rfle Kabc = Ka[bc\ = aKbc + ^Sabc + criab^c - criac^b 

(xaK H flji5i npeflbiflymero Kjiacca ypaBHeHHii). IlpoBOflfl BapbHpoBaHne, Hy>K- 
HO pasjiHMaTb KO- H KOHTpa-HHfleKCbi, HO peayjibTaT, ecTecTBenHO, mo>kho sa- 
HHcaTb KOBapnaHTHbiM o6pa30M: 

Ba^, = - dfii'^^J^ = Ka^^ty-i, + AbcaKbc^ - hafX = . (l.30) 

KaK H B cjiynae OTO, flji5i jiarpaH>KeBbix (o6iii,eKOBapHaHTHbix) ypaBHeHHii 
An cym,ecTByeT TO»cflecTBO, KOTopoe neTpyflHO npoBepHTb (bbiBOfl anajiorH- 
nen BbiBOfly To:>KflecTBa OTO b P| — BapHau,H5i KOopflnnaT BbisbmaeT Bapna- 
Li,Hio penepa, no fleficTBHe npn 9tom ne MeH5ieTC5i): 

'^a^i;^l — ^bc^bca = . 

Bbipa>KeHH5i ( ll.29l 'l cnpaBefljiHBbi, KOHenHO, h flji5i ypaBHeHHii ( II ■301 ). Ahth- 
CHMMeTpHHHa5i HacTb ypaBHeHHii ( 11.301 ) 

Qj Qj ~\~ C 
^[H ^ ^2 ~^ ^)('S'^i^A;A — ^nab^abu + Ai^ab^abfi) H ^ — (/^i^ " ^a^a^iiy) = 

HCMesaeT, ecjiH a = —2b = — c (= 1), mto OTBe^aeT cjiyMaio BaKyyMHbix 
ypaBHeHHii OTO^; mo:>kho cpaBHHTb jiarpan^KHan jC h CKajiflpnyio KpHBHsny 

(ttlllD 



R = —2^mfi — l^J^abc^abc + TT^SabcSabc + ^a^c 



1 l_ 

^2 abc-^abc ~^ -|^2' 

— pasjiHHHe B Hjiene ^/i;^, KOTopbiii b fleiicTBHH ne nrpaeT pojiH. 

EcjiH a + c = 0, a + 26 7^ 0, TO B ypaBnenHH Bj^j^j.^^ = rjiaBHbie Hjienbi 
HCMesaiOT, a ocTajibHbie neT, T.e. oho 6yfleT Heperyji5ipHbiM (b nepBbix fl>KeTax). 
EcjiH, Hao6opoT, a + c ^ 0, a + 26 = 0, to neperyjiapHbiM OKasbmaeTCii 
ypaBHenne B[^^.a] = 0. 

TpeTHii BapnaHT (I221) coBMecTHbix ypaBHennii B03Mo:>KeH (nMeeTca Heo6- 
xoflHMoe TOJKflecTBo) TOjibKO B pasMepHOCTH n = 4; cjiefly5i jT3|, sanHmeM 

^MojKHO ;io6aBHTb npoH3BOJibHoe, c HeKOTopbiMH oroBopKaMH, aHTHCHMMeTpHi^Hoe ypaBHeHHe, jih6o 
^lonycTHMbi jiOKajibHbie jiopenijeBbi BpameHHH penepnoro nojia. 
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OTflejibHO CHMMeTpHMHyio H aHTHCHMMeTpHHHyK) MacTH 9THX ypaBHeHHH: 

C^. +(a-l)2($^,$, + ^^,$V2) = (1.31 

/]^H{|){|)epeHLi,Hpy5i o6e MacTH h yMHTbiBa5i CHMMeTpHH h To:>KflecTBO G^y^y = 0, 
nojiyMHM ypaBHeHH5i 

TO ecTb TO^KflecTBO (h coBMecTHOCTb) cyiii,ecTByeT, ecjiH n = 4. KaKHM jih- 

60 HSMeneHHeM K094)4)HLI,HeHTOB B ( 11.311) HeJIb35I flOCTHMb COBMeCTHOCTH 9T0H 

CHCTeMbi npH flpyrnx 3HaMeHH5ix pasMepHOCTH n. 

9th ypaBHeHHfl He ohchb HHTepecHbi, Tax xax fljiH hhx b ypaBnennn Maxc- 
Bejijia TOK paBCH Hyjiio. YpaBHeHHii ocTaiOTca coBMecTHbiMH npn flo6aBjieHHH 
ypaBHeHH5i 

/^^ = , HJTH = ; 

oflHaKO HHTepecHO, MTO nocjie saMeHbi $ ^ CHMMCTpHMHoe ypaBHeHne ch- 
CTCMbi ( 11.311 ) npHo6peTaeT 4)opMy ypaBHeHHii (BaKyyMHbix) CKajiapHO-TeHSop- 
Hoii TeopHH BpaHca-/]^HKKe [21 ES] • 

HaKOHeu,, nocjieflHHii h caMbiii HHTepecHbiii (h HeTpHBHajibHbiii) Kjiacc 
ypaBHeHHH — oflHonapaMeTpHHecKHH Kjiacc II221221 ~ mo>kho sanHcaTb Tax: 



= L«^.;. - (1 - 2a) (/«^ + L„^.$.) = , (1.32 

rfle Lanv = La[^,y] = Aq^j^ — Sa^u ~ 20'/ia[^$jy] , a Dq^ = (Ga^ — Ha^)/2 , 

TO ecTb B ypaBHeHHH ( 11.321) b paBHoii CTenenH HpeflCTaBjienbi o6e nacTH ( 11.141) 

H ( 11.151) (cHMMeTpHHHa5I H aHTHCHMMeTpHHHafl) . 

XoT5i 9TH ypaBHeHH5i He yKaaaHbi b b abhom BHfle, hx mo:>kho BOCCTa- 

HOBHTb HO Ta6jIHLI,e, HOMen],eHHOH B KOHn,e CTaTbH. (ripH 9T0M B Bbipa:>KeHHH 
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(1) RjwiRO nepecTaBHTb ai h flocTaTOMHO cpaBHHTb ypaBHeHH5i (1) h (6) 
B [13]. riapaMeTp q stor CTaTbH, aaflaromnii cooTHomeHHe CHMMeTpHMHoii h 
aHTHCHMMeTpHMHOH MacTeft, CB5i3aH c a cooTHomeHHeM a = q/{2q — 1).) 

MtoGbi noflTBepflHTb najiHMHe TO>KflecTBa, o6ecneMHBaioiii,ero coBMecTHOCTb 
CHCTeMbi ( 11.321) . MOJKHO nocTynHTb cjieflyiomHM oGpaaoM. 

1. BbiflejiHM aHTHCHMMeTpHMHyio MacTb ( 11.321) 

flH(|)(|)epeHLi,HpoBaHHe KOTopofi flaeT ypaBHCHHe MaKCBejijia 

ffij^;iy = {Sf^^X^x};^ , HJIH f^^,-,, = - ^S^^^xfuX + (1 " 3cr)^A$A • (1-33) 

2. C flpyroii CTopoHbi, flH4)4)epeHLi,HpoBaHHe nojiHoii cncTeMbi ( 11.321) flaeT 
flpyroe ypaBHeHne MaKCBejijia, CBOfl5iiii,eec5i, oflHaKO, k nepBOMy (npn y^eTe 
ypaBHeHHii ( 11.321) . 'na ypaBHeHH5ix'): 

^a^,;^, = - (1 - 2a) - ^L„^^$^) = , 

IlpoBefleHHyK) npoBepxy npeflCTaBHM b BHfle TOJKflecTBa (r = 1 — 3a) 

rG„^;^ + (1 - a)H„^;^ = (1 - 2a){AabcH.bc + r{Gab + Hafe)^^} . 

YpaBHeHHii ( 11.321) saMenaTejibHbi bo mhophx OTHomeHH5ix. BjiexTpoMarnHT- 
HbiH TOK, B OTjiHMHe OT npeflbiflyn],ero cjiy^aii, ne paBen nyjiio h jiHHeen no 

ffiiy (cm. ( 11.331) ). IloBTOMy B03M0>KHbI pemeHH5I C HyjieBbIM SJieKTpOMarHHT- 

HbiM HOJieM, TO ecTb CHCTeMa ocTaeTCfl coBMecTHofi npH flo6aBjieHHH ypaBHe- 
HHii f^^ = 0. 
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1.4 Bo3Mo:acHOCTb oST^e^HHeHHa rpaBHTaD,HH h sjieKxpo- 
MarnexHSMa h Bbi6op 'onxHMajibHbix' ypaBHeHHii 

rioKa^KeM, MTO cymecTByeT eflHHCTBeHHaa CHCxeMa ypaBHeHHii, fljia koto- 

POH B03M05KHO COHOCTaBJieHHe (c TOHHOCTBK) flO HeKOrO K034)(J)HLI,HeHTa) TCH- 
30pa /^jy C SJieKTpOMarHHTHbIM HOJieM F^j,. ripH BblBOfle 3THX onmuMaAhHux 

ypaBHeHHii 6yfleM HCHOJibsoBaTb b ochobhom jiaTHHCKne HHfleKCbi, nnorfla ne- 
pexofl5i K rpenecKHM hjih CMemaHHbiM, ecjiH 3to flejiaeT Bbipa>KeHHe 6ojiee 
npospaHHbiM (mo:«;ho cpaBHHTb, nanpHMep, flse aanncH TO^KflecTBa — ( 11.111 ) 
H ( 11.111 )). JIaTHHCKHe HHfleKCbi yflo6Hbi npocTbiM npaBHjiOM nepecTanoBKH 
HHfleKCOB flH4)4)epeHn,HpoBaHH5i (cm. ( 11.81) ) 

^,a,6 = + *,cAc^>a (1-34) 

(sflecb ^ — D— CKaji5ip, T.e. mo^kct HMCTb TOjibKO jiaTHHCKHe HHfleKCbi). Fpe- 
MecKHe >Ke HHfleKCbi yflo6Hbi b ypaBHeHHflx THna MaxcBejijia (flHBepreHLi,H5i ko- 
cocHMMeTpHMecKoro Tenaopa), r^e oco6eHHO nojieana CHMMeTpHMHOCTb cb5I3- 

HOCTH H TCHSOpa PhMMH. 

HaMHHaeM c ypaBHeHHii o6n],ero BHfla (cm. ( 11.141) . ( 11.151) ) 

Gab = Khc,c + Afeacc + <7{^a,h + ^b,a " 2r/«5$c,c) + Qah{^^) = , (1-35) 

= Sabc^c + Tfab + Wab{^^) = . (1.36) 

IlepBbiii OMeBHflHbiii Bonpoc — B03M0>KHbi jiH (jiOKajibHbie, jiOKajiHSOBannbie) 
pemeHH5i, nuemi^ae acHMHTOTHxy TCHSopa /^j^ KyjiOHOBCKoro THna (c(J)epH- 

HCCKaa CHMMCTpHfl H B03M05KHOCTb CyHepH03HLI,HH) . PaCCMOTpHM ypaBHCHHC 

( 11.361) B jiHHciiHOM HpH6jiH>KeHHH (cjia6bie H0JI5I, h" ^ h''^): 

EcjIH T 0, TO /^jy 5IBJI5ieTC5I flHBepreHLI,Heii HOJIHOCTBIO aHTHCHMMCTpHH- 

Horo TCHSopa TpcTbero panra, mto TpyflHO corjiacoBaTb c cyn],ecTBOBaHHeM 
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acHMHTOTHKH KyjiOHOBCKoro (hjih lOKaBCKoro) THna. /J^eiicTBHTejibHO, nycTb 

no TpeM H3MepeHH5IM HMeeTC5I X0T5I 6bl B aCHMHTOTHKe c4)epHMeCKaiI CHMMCT- 
PH5I, a flH4)4)epeHLI,HpOBaHHeM no flOnOJIHHTeJIBHblM H3MepeHH5IM (eCJIH OHH 

ecTb) MO>KHO npeneGpenb. Tor^a HMeeM (sflecb k = 1,2, 3; = 

Soij = £ijkX^a{r) ; r/o^ = -Sq^j^j = . 

B flajiBHeftmeM nojiaraeM r = 0. B 9tom cjiynae b ypaBnenHH iiab,b = 
rjiaBHbie nponsBOflHbie h'" coKpamaiOTCfi, h jih6o mm nojiynaeM HOBoe h nepe- 
ryjiflpHoe ypaBHeHne BToporo nopsiflKa, jih6o sto ypaBHCHHe o6paiii,aeTC5i b 
To:>KflecTBO. JXjisi ypaBHeHH5i ( 11.361 ) HMeeTC5i eflHHCTBeHHaii bosmo^khoctb: 

H^z. = S^^X;X = HJIH 

= Sabc,c + ^acd^cdb — ^bcd^cda + Sabc^c = . (1-37) 
Heo6xOflHMOe flJia COBMeCTHOCTH TOJKfleCTBO HMeeT npOCTOH BHfl 

= S ^yX-x-y = 0, HJIH Hab^b " -^^abcHbc + ^ab^b = 0. 
CHMMeTpHMHafl naCTb TaK>Ke OHpeflej[5ieTC5I H3 Tpe60BaHH5I COBMeCTHOCTH. 

YpaBHeHHe Gab,b = mo>kho hphbccth k cj[eflyioii],eMy BHfly: 

Gab,b ={(^- ^){fab,b - ^Kbcfbc + fab^b - Ja) = , (1.38) 

HJIH B 6ojiee npHBbinHOH 4)opMe ypaBHeHH5i MaKCBejiJia 

J\jl5i COBMeCTHOCTH CHCTCMbl ( 11.351) . ( 11.361) ypaBHCHHe 

J^^;^, = HJIH Ja,a^^aJa = (1.39) 

ppjiyKHO o6paiii,aTbC5i b TO»:flecTBO npn yncTC ( 11.351) . ( 11.371) 

C TOMKH 3peHH5I TCOpHH COBMCCTHOCTH [2B] 3Ta CHTyaiI,H5I oGMCHflCTCfl 

Tax (cm. §1.2): chmboji G2 chctcmm ( 11.351) . ( 11.361) npn r = 0, cr 7^ 1 hchh- 

BOJIIOTHBCH, ho CrO npOflOJ[:>KeHHe G3 — HHBOJIIOTHBHO, H flJ[5I COBMeCTHOCTH 
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Heo6xoflHMO (h flocTaTOMHo) o6ecneHHTb TaK:>Ke h BTopoe TO>KflecTBO ( II .391 ) . 
IlpH (7=1 ypaBHeHHe Gab,b = flOji^KHO o6paiii,aTbC5i b To:«;flecTBO, ho stot 
cjiyMaft He npeflCTaBJiaeT Hnxepeca (sto OTMeneHO h b |13]): bo3mo»cho jihiub 
ypaBHeHHe (OTO) 

H BHflHO, HTO /^j, (hjih He BxoflHT B 9T0 B ypaBHeHHe H Ha MexpHKy He 
BJiH5ieT. KpoMe Toro, ne OHpeflejieno ypaBHenne MaKCBejiJia ( 11.381} . T.e. ero 
mo:«;ho flo6aBHTb flOBOjibHO npoHSBOjibHo: 

HxaK, Hn],eM ypaBHenne ( 11.351 ). fljia KOToporo cyn],ecTBOBajio 6bi TO>Kfle- 
CTBO ( 11.391) . 0HycKa5i HOflpoGnbie BbiHHCJieHHH, yKa>KeM choco6 pemeHH5i 9toh 
saflaHH. HcHOJibsyfl 0HpeflejieHH5i ( 11.41) . ( 11.61 ). ypaBHenH^i ( 11.351) . ( 11.371) . 'ko- 
poTKoe' TO>KflecTBO ( 11.131) . HO He 'nojiHoe' TO^KflecTBO ( 11.111) . Bbipa:>KeHHe flji5i 
Ja H3 ( 11-381) npHBefleM k cjieflyK)n],eMy BHfly: 

(1 - (7)Ja = a5(A'),5 + i^a6,6(A') = (1-40) 
= [Qa6 + AacdA6cd-^'S'„cdA6cd + ^^5'a5c$e+(^A)],6+^^Qa6$6+(^A^) • 

Sflecb OHyn],eHbi flpyrne HJienbi, coflep>Kan],He 

Tenepb ny^KHO y^ecTb To:>KflecTBO ( 11.111) . Ymho^khb ( 11.111) na Si,cd^ Sabc h 

Aa5c, HOJiyMHM COOTBeTCTBeHHO (TaK>Ke HpHBeflfl K BHfly ( 11.401) ) 

El = {KaijS^jb),b + KijSijb^b = ^ (h™ {La^,yS^^x)-x = ^)] (1-41) 

= {QllabSijkSijk — SijaSijb),b+^ijaSjkl{Sikl — 2Aikl)-^---=0] (1.42) 

El = [^r/„,A.,.A.,, - 2A.,„A,^^^ 

+ A.jaAkuiAjki + 2Akij) - A.jaA.kiiAjki + A^;_,) + • • • = 0. (1.43) 

B ( 11.421) . ( 11.431) OHyn],eHbi Hjienbi c $ h coKpan],eHbi HJienbi Tnna ( 11.411) . 
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rionyTHO saMCTHM, MTO H3 ( ll.41l )-( p..43l ) Hejib35i cocTaBHTb ypaBHeHHe th- 

na Cab,b + Da = 0, MT06bI Cab = C[ab]- OTCIOfla CJieflyeT eflHHCTBeHHOCTb 

ypaBHeHHfl (11 .371) . 

/]^o6aBHB BbipajKeHHe aE^ + bE^ + cE^ k npaBoft ^acTH (II ■401) , nojiy^HM 

{l-a)Ja = C:,{A'),b + D:,^,{A') . (1.44) 

Hs ycjiOBH5i C^^fj-j = onpeflejiHM Qab, nocjie Mero (11.441) mo>kho npHBecTH k 
cjieflyiomeMy BHfly: 

(1 - a)Ja = Aab,b - ^AabcAbc + Aab^b + , (1-45) 
rfle = Cfj5] , Bl = DI + ]^KabcAbc - Aab^b ■ 

HcKOMoe TOJKflecTBO cymecTByeT (cm. (11.391) . (11.451) ). h ypaBHenne B^-^^ = 
o6paiii,aeTC5i b To:«;flecTBO, ecjin tojibko B^ = 0. 

JlerKO y6eflHTbC5i, mto Hecoflep>Kaiii,He $ MjieHbi coKpamaiOTCfi b Ba npn 
cjieflyiomHx 3HaHeHH5ix KOHCTaHT (cm. (I1.4()I) -( I1.45I) ): 

1) a = 6=-l/2, c=l; 2) b = c = 0. 

Tenepb ny^KHO coKpaxHTb b Ba Mjienbi, coflep»caiii,He B nepBOM cjiy^ae no- 
jiyMaeTC5i jih6o ypaBHCHHii OTO [a = 1, n npoHSBOjibHo) , o KOTopbix CKaaaHO 
panee (ypaBHCHHe MaKCBCjijia flo6aBji5ieTC5i c GojibniHM npoHSBOjiOM). J1h6o 
BOSHHKaeT oflHonapaMCTpHMecKHH Kjiacc ypaBHeHHfi — MacTHbiii cjiynaii ypaB- 
HCHHii (11.311) c r = H c HyjiCBbiM tokom = [n = 4, a npoHSBOjibHo) , 
MTO TaK>Ke He mo^kct HpeflCTaBji5iTb oco6oro HHTcpeca. 

Bo BTopoM cjiynae HOJiynaeM: a=— 1/2, (7 = 1/3; 

ffii^;iy = Jn , Jfi = {S^iyx^x);iy = —-S^^xfux ; (1.46) 

2 

Qab = KcdKdb + Kbc^c + 7:{^a^b " Vab^c^c) + {ah) . 

y 
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OKOHMaTejibHbiii pesyjibTaT yflo6HO sanncaTb b cjieflyiomeM BHfle: 

'^a/i '^(^a/i Lq^^ip-i; '^fafi ^-^a/ij/*^;/ , (1.47) 

rfle Labc = La[cb] = Kbc - Sabc " liable + |^ac^6 • 3to ypaBHeHHe (6yfleM Ha- 
sbiBaTb ero onmuMaAhHUM ypaBHeHneM) 5iBji5ieTC5i MacTHbiM cjiynaeM Kjiacca 

D ([rs2D. 

CjieflOBoe ypaBHCHHe Gaa = (cm. ( 11.351 ). ( 11.471 )) CTaH0BHTC5i Heperyji5ip- 
HbiM npH n = 4 (b nepBbix fl>KeTax): 

Gaa = ^(4 - n)^a,a + Qaa = {Qaa # 0). 

OTCiofla cjieflyeT bbiboa o Heo6xoflHMOCTH flonojiHHTejibHbix npocTpaHCTBeH- 
Hbix HSMepeHHii. IloajKe, b cjieflyiomeii rjiaBe, 6yfleT noKaaaHO, mto b otho- 
meHHH CHHryjiflpHOCTeft pemenHft (hx 0TcyTCTBH5i hjih peflKOCTn) fljia ( 11.471 ) 
BbiflejieHHOH 5iBji5ieTC5i pasMepHOCTb n = 5. 

npoH3BOJibHOH CHCTeMbi ( 11.351 ). ( 11.361 ) cymecTByeT 3anpeiii,eHHa5i pas- 
MepHOCTb npocTpancTBa no = 1 + 1/cr, npn KOTopofi cjieflOBoe ypaBHeHHe 
CTaH0BHTC5i Heperyji5ipHbiM (flji5i n,ejibix no > 2): 

G^^ = 2cr(no - n)$^;^ + Q^^ = ( o6biHHo Q^^^O). 

JlHHeapHSOBaHHbie ypaBHeHH5i ( 11.351 ). ( 11.361 ) fljia cjia6bix nojieii 

Hpn pasMepnocTH npocTpancTBa n = no (cjieflOBoe ypaBHeHHe HcneaaeT, ho 

MO^KHO fl06aBHTb = 0) HHBapHaHTHbl OTHOCHTeJIbHO MaJIblX KOHC^DOpM- 

Hbix Hpeo6pa30BaHHH e*^ = Ca^i+Xria^'-, Hpn stom HCHbiTbrnaeT rpaflneHTHoe 
HpeoGpasoBaHHe: = + (n — 1)A^^. IlosTOMy onmuMaAtHue ypaBHenHH 
(11.471 ) c a = l/3Hn>no = 4 (HMe5i b BHfly neKyio peflyKLi,Hio flonojiHH- 
TejibHbix HSMepeHHfi) npHMeMaTejibHbi TaK>Ke TeM, mto BOSMOJKHa "MacKHpoB- 

Ka"KajIH6pOBOMHOH CHMMeTpHH HpH o6bIMHOH paSMepHOCTH HpOCTpaHCTBa H 

npH cjia6bix noji5ix. 
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B Ta6jiHLi,e paGoTbi jT^ ecTb HecKOjibKO BapnaHTOB ypaBHeHHii, o koto- 
pbix B npHMeMaHH5ix roBopHTCfl: "cHMMeTpHMHoe ypaBHeHHe OTcyTCTByeT", h 
flajibHeftmero anajiHsa ne cjieflyex. B p^fle cjiy^aeB h sto npHMe^aHHe HeBepno. 
HanpHMep, b CHCxeMe ypaBHeHHii, B03HHKaion],eH npn BapbHpoBaHHH fleftcTBHii 

J hS^ dx (5^ = SabcSabc , h = det h^'m = V^) , 

BTopbie npoHSBOflHbie BxoflflT TOjibKO B aHTHCHMMeTpHMHyio MacTb: 5'^jyA;A- Ho, 
KaK jierKO noH5iTb (cm. TaK:>Ke ( 11.301 )). b ypaBHeHHfl BofifleT TaK:>Ke mjich g^^S'^ . 
CjieflOBaTejibHO, CHMMeTpHMHoe ypaBHeHHe HMeeTC5i, ho 5iBji5ieTC5i neperyjifip- 
HbiM. 9to >Ke 0TH0CHTC5I H K ypaBHeHHio ('HpHMbiKaioni,eMy' K ypaBHeHH5iM 

(1E2HI)) = 0. 

1.5 IIonojiHeHHe ypaBHGHHH 

B 3T0M Haparpa4)e flji5i Hpo5iCHeHH5i 4)H3HHecKOH HHTepHpeTau,HH HOJiy- 
HeHHbix onmuMaAhHux ypaBHeHHii ( 11.471 ) h KOBapnanTOB Teopnn (b tom HHCjie 

COHOCTaBJieHHfl f^jj C 3JieKTpOMarHHTHbIM HOJieM) paCCMaTpHBaeTC5I B03M05K- 

HOCTb HpHCoeflHHeHH5i K ( 11.471 ) flOHOjiHHTejibHbix ypaBHeHHii, HTO OTBenaeT 
HacTHbiM pemeHH5iM (r^e tot hjih HHoii KOBapnanT panen, flonycTHM, nyjiio). 

CncTeMa ( 11.471 ) (a TaK>Ke ypaBHeHH5i Kjiacca D ( 11.321 )) ocTaeTC5i coBMecT- 
Hoii npH flo6aBjieHHH ypaBHeHH5i /^j, = 0, nocKOJibKy B03HHKaK)n],ee npn 9tom 
Heperyjiapnoe ypaBHenne = o6pan],aeTC5i b TO>KflecTBO, cm. ( 11.461 ) (cm. 
TaKJKe ( 11.331 )). 3to oananaeT, mto bosmo^khbi pemeHHa c nyjieBbiM sjieKTpo- 

MarHHTHblM HOJieM. 

Bo3Mo:>KHbi jiH pemeHH5i c nyjiebbiM tokom Jf^ = 0, ho c /^j, 0? Ho- 
CKOjibKy B ( 11.461 ) J ~ 5*/, naflo paccMOTpeTb bosmo^khoctb 5* = 0. B oGm^eu 
cjiynae Hejib35i flo6aBHTb k ( 11.471 ) ypaBHenne S^,^x = 0, t.k. b peayjibTaTe 3Toro 
To:«;flecTBO ( 11.121 ) npHBe^eT k neperyjiapHOMy ypaBHennio: 
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OflHaKO 9T0 Heperyji5ipHoe ypaBHeHne o6paTHTC5i b To:>KflecTBO, ecjin HMeeTca 
'6ojibma5i' CHMMeTpH5i (nanpHMep, c4)epHHecKa5i) , Korfla Hejib35i (ne h3 Mero) 
nocTpoHTb KOCOCHMMeTpHMecKHH TeH3op MeTBepToro panra. 

B cjiy^ae pasMepnocTH n = 3 ypaBHeHH5i ( 11.371) HHTerpHpyiOTCH, h ycjio- 

BHe TpHBHajIBHOCTH nOJI5I Ha npOCTpanCTBeHHOH GeCKOneHHOCTH npHBOflHT K 

paBencTBy S=0: {hS^'''^),x = 0; {hS^^^),i = 0,..., hS^^^ = const = 0. 
no9TOMy B cjiynae n = 3 Bce jiOKajiHSOBanHbie pemenHH hmciot nyjieBofi tok, 
a 3jieKTpoMarHHTHoe nojie HMeeT xaK 6bi 66jibmyio caM0CT05iTejibH0CTb, cbo- 
6ofly nepeMeiii,eHH5i. 

B cjiy^ae pasMepHOCTH n = 5 (stot Bbi6op pasMepHOCTH npocTpancTBa 
6yfleT o6ocHOBaH b cjieflyiomeH rjiaBe, nocB5iiii,eHHOH CHHryji5ipHOCT5iM peme- 

HHii) MOJKHO BBeCTH flyaJIbHblH Tenaop ^^^^ = S^vaP-ySap-y , KOTOpOrO H3 

( 11.121) . ( 11.371) cjieflyiOT ypaBHeHH5i MaKCBejiJiOBCKoro BHfla: 

3 

Hcxofl5i H3 saflaHHOH CHMMCTpHH, MO]«HO noflCMHTbiBaTb MHCjio 'cyiii,e- 
CTBeHHbix' BCKTopoB. CKa:>KeM, B cjiy^ae aKCHajibHoii chmmctphh (b o6biM- 
HOM npocTpaHCTBe; HanpHMep, Bpaiii,aioiii,a5iC5i SBesfla hjih njianeTa) HMeeTC5i 
TpH npocTpaHCTBeHHbix BCKTopa (no OCH, no paflnycy n no flonojinnTejibnoMy, 
nflTOMy H3MepeHHK)) n oflnn BpeMennoft, no3TOMy npocTpancTBennafl kombo- 
nenTa nceBflOTOKa (b OTjinnne ot BpeMennoft, cm. ( 11.481) ) MO^Kex 6biTb 
nenyjienoft. To ecTb KOMnonenxa Soij = 1,2,3) MO>KeT 'nannnaxbCfl' c 

flnnojibnoro njiena, a KOMnonenTa Sijk — TOJibKO c Knaflpynojibnoro. 

Cjieflyion],ee ycjionne 

= HJIH $a = Cfl = const 

nejib35i flo6aBHTb k chctcmc ( 11.471) (hjih ( 11.321) : tok b ( 11.331) hmcct Tax^KC 
BKjiafl f^y^jj)^ T.K. H3 cjieflOBoro ypaBnenH5i no5iBHTC5i oneBHflno neperyjiapnoe 
ypaBnenne ($^ = tojtbko flji5i TpHBnajibHbix pemennft): 

D„, = A«,rfA,rf« + [3(7 + 2(7(1 -n)]C„C« = (fljia (1133) (7 = 1/3). 
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HaKOHeu,, noKa:«;eM HeB03Mo:>KHOCTb pemeHHii '6e3 rpaBHTaLi,HOHHoro no- 
ji5i', TO ecTb c HyjieBoii kphbhshoh. Ecjih k ( 11.471 ) npHCoeflHHHTb ypaBHeHne 

Rabcd = (hJIH Rab = 0, HJIH R = 0) , 

TO CHOBa KOM6HHaLi,H5i cjieflOBOTO ypaBHeHH5i H ycjiOBH5i R = (cm. ( ll.lOlj ) 
npHBeflCT K Heperyji5ipH0My ypaBHeHHK). 

1.6 TeH3op SHeprHH-HMnyjibca h saKOHbi coxpaneHHa 

B 9T0M naparpa4)e ocHOBHoe BHHManHe yfleji5ieTC5i, ecTecTBenHO, onmu- 

MttAhHUM ypaBHeHH5IM (11 .471) . PaCCMOTpHM B03M0>KH0CTb OnpefleJieHHfl TCH- 

3opa SHeprHH-HMnyjibca. Ecjih h3 mctphkh (KpHBH3Hbi) cocTaBHTb HHBapHanT 
M onpeflejiCHHOH pa3MepH0CTH, to BapbHpya ero no mctphkc, nojiynnM chm- 

MCTpHnHblH TeH30p D H TO:>KfleCTBO (cM. [3j): 

5{hM)/5g,, = hD^''' {h = y^), D^,., = 0. (1.49) 

Tenepb Hy>KHO, npHMCHM ypaBHeHna (11.471 ). nonbiTaTbca HCKjiionHTb b D^^, 
jiHHeftHbie MjicHbi (~ e) D^^i, = T^^^e^) ('na ypaBHeHHHx' 6yfleT BbinojiH5iTbC5i 
paBCHCTBO T^^-^y = 0), H npoBcpHTb flji5i cjia6bix nojieft 

<C 1 (hjih e <C 1) 

3HaKOonpeflejieHHOCTb SHeprnn jTQQ(e^)dV. TaK, 

= R (d(0) = -G^y = g^,R/2 - R,,) 

He HpHBOflHT K yCHCXy (npH Cr = 1 B (11.321 ) JIHHefiHbie HJICHbl HCKJIIOHaiOTCfl 
|4()| . HO HCT 3HaK00HpeflejieHH0CTH) . 

IlosTOMy HyjKHO HepeiiTH k paccMOTpennio HHBapnaHTOB M ~ i?^. Hcxofl5i 
H3 TO>KflecTB BnaHKH, MO>KHO 6e3 oco6oro Tpyfla naftTH Tpn He3aBHCHMbie 

K0M6HHaU,HH, HpHB0fl5in],He K TO^KflCCTBy: 

D^^} = G^,,x-x + G,r{2R,^r. - l/'lg^.Ar) (= T^A^\ ■ ■ ■))■ (1.50) 
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D^;^} = R^., - g^^Rx-x - R^.R + l/^g^.R"; (1.51) 
= {-gy^if^^^ a/?, 7^, er, pipjRajpsRepr^ {n > 5). (1.52) 
Bbipa^KeHHe b KBaflpaTHbix CKo6Kax b ( 11.521) oGosHanaeT MHHop MeTpHKH 
KopaHra 5 (d^{—g)/dg^iy---dgpip), KOTopbiii To:a<;/],ecTBeHHO 3aHyji5ieTC5i npn 
n < 4 ('xHTpoe' To:>KflecTBo) . 

TaK KaK = (2 - n/2)G,rRer + C^.^, 5ICH0, ™ M(1) = -GerRer- C 

y^eTOM ypaBHeHHfl E^^ h ( II .101) nojiy^HM (npH6jiH>KeHHbie paBencTBa tomhbi 
ITocKOJibKy D^^Jj^ = H yjKe i?^^^ ~ e^, noH5iTHO, mto TpexbH KOM6HHaLi,H5i 

( 11.521) TaK^Ke CB0flHTC5I K TpHBHajIBHOMy BHfly: D^^J ~ A^^)j^^{e^) ^f:T- ( A^^i^r 

HMeeT CHMMeTpHK) Tenaopa PniviaHa, to cctb othochtch k toh >Ke cxeMe K)h- 
ra); Taxne MjieHbi He flaiOT BKjiafl b n-HMnyjibc h momcht HMnyjibca. Ecjih 
B Dj^J HCKjiiOMHTb jiHHeHHbie HjiCHbi, a saTCM, Hcnojibsyii jiHHeapnsoBaHHbie 
ypaBHeHH5i, Bbifleji5iTb b T^jy TpHBHajibHbie MjieHbi Tax, MTo6bi ocTaBajincb cjia- 
raeMbie to b HTore T^'^ h3 ( 11.501) CBOflHTca k BHfly 

T,, ~ (rj^Mer - 4^J.,)/18 + ^^e.r(e'),.r • (1-53) 

B 9T0M pesyjibTaTe npome y6eflHTbC5i, npeoGpasya npoHSBOflHyio 

5{hM^^^)/Sh% = 2hT/ (M(1) = -GerRer). 

TOMHee, caM 'jiarpaH:>KHaH'. Mo>kho yflajisTb h3 cjiaraeMbie 

1) THna C^;^ — B njiOTHOCTb hM ohh flaiOT TpHBHajibHbift BKjiafl {hG^)^^; 

2) BHfla A^A', (HHBapnaHTHbie!), t.k. hx BKjiafl (~ e^) TpHBHajieH: 

flji5i ATq^ cymecTByeT To:>KflecTBO THna ( 11.491) : 

3) KBaflpaTHHHbie ho ypaBHeHH5iM (THna E^), t.k. BapbHpoBanne jiHHeiiHO ot- 
HOCHTejibHO flH(|)(|)epeHLi,HpoBaHH5i no nOJIflM. 
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B 3T0M CMblCJie B03M0>KHa 3KBHBajieHTH0CTb: M^^^ « = M* . 

BapbHpoBaHHe hM* no ^^^r flacT njieHbi, KOTopbie nocjie npHMeHeHH5i ypaBHe- 
HH5I MaKCBejijia ( 11.461 ) CBeflyTC5i k TpHBnajibHOMy BHfly 5a[^j,](e^)^j,, a BapbH- 
poBanne no MeTpnxe flacT sjieKTpoMarnnTnbin BKjiafl ( II ■531 ). Mo>Kno roBopnTb 
o cyn],ecTBOBanHH 'npn6jin»:ennoro' (xonnoro fljia jinneapnaonannbix ypaBne- 
nnn) CAa6o20 Jiarpan^cnana [2D|, flonycKaK)n],ero (xpoivie sjieKTpoMarnnTnoro) 
H rpaBnTaLi,HonnbiH bh^ (b OTjinnne ot npH6jiH>Kennoro jiarpanjKnana S'j^^^)^ — 

jnzi)). 

EcjiH noHTH flajibme n paccMOTpeTb nnBapnanTbi M ~ i?'^, R2 n T.fl., to 
Mo:«;no noxasaTb nx SKBHBajienTnocTb nyjiio (a TaK>Ke OTcyTCTBne flpyrnx npn- 
6jiH>Kennbix cjia6bix jiarpan^Knanob) , fleiicTByfi no yKaaannoii cxeMe. HTaK, 
cyn],ecTByeT Tenaop aneprnn-HMnyjibca T^j^ {T^^-^y = 0), a xax^Ke npnGjin^Ken- 
nbifi saKon coxpanenna T^^ ~ 0, npnneM Bbifleji5ieTC5i pojib KOMnonenTbi f^^: 
cjia6bie noji5i c f^j^ = ne nepenocHT n-HMnyjibc n MOMenT HMnyjibca. Hivrenno 
3T0 o6cT05iTejibCTBO no3BOJi5ieT, B03MO>Kno, flocTHMb oGT^eflnnenHfl g^jj n f^^ 
B Oflnoii CTpyKType (jiopenLi,eBOH CTpyxType All): xot5i KOMnonenTbi BTopbix 
npoHSBOflnbix h" ^ cooTBeTCTByK)n],He KpnBHsne {Rabcd) h sjiexTpoMarnnTnoMy 
nojiio {fab) flOji>Knbi 6biTb oflnoro MacmTa6a (hjih fla>Ke f < R), ro TOjibKO 
/— KOMnonenTa nepenocHT n— HMnyjibC. 

KaK y>Ke roBopnjiocb (cm. §1.2), ecjin chmboji Gq nnBOjiiOTHBen, to to>k- 
flecTBa B cjieflyK)n],Hx nopsflKax BbinojinaiOTCfl aBTOMaTnnecKH, to ecTb ot- 
BenaiOT TpnBnajibnbiM saKonaM coxpanenna. IlosTOMy ecjin b npaBon nacTH 
ypaBnenna ( 11.501) BbiflejiHTb CTapmne nponsBOflnbie 

nTo6bi nonbiTaTbCfl nojiynnTb nceBflOTensop aneprnn-HMnyjibca (cm. [3J), to 
3T0T nccBflOTenaop 6yfleT TpnBnajibnbiM (ncTpy^no 9to np^MO npoBcpnTb). 
OTCiOfla, BnponcM, cjieflycT, nTO MO>Kno Tax Bbi6paTb TpnBnajibnyK) flo6aBKy 
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B ( 11.531 ). MTO T^i, (BMecTO ( 11.531 )) BbipasHTCfl TOjibKO Mepea MCTpHKy 

T^''^t^''{g'g"\g"') + A%^r,er. 

MTO eme pas nofl^epKHBaeT (|)aKT oGteflHHeHHfl g^,y h /^jy b oflHoii CTpyxType. 
TojKflecTBa >Ke b nepBbix nop^flKax flH4)4)epeHLi,HpoBaHH5i TaK>Ke ne npn- 

BOflaT K (HeTpHBHajIBHblM) SaKOHaM C0XpaHeHH5I CHCTeMbl ( 11.471 ). TaK, aHTH- 

CHMMeTpHMHoe ypaBHeHHe ( 11.371 ) caMO HMeeT bh^ (jiHHeftHoro) saKona coxpa- 

HeHH5I /iH^^ = (hS^^'^)^Xj HO COXpaH5IK)III,HeC5I HHTerpajIbl AOJI^KHBI paBH5ITbC5I 

HyjiK), ecjiH Bbi6paHbi rjiaflKne flaHHbie KoniH, jiOKajiHSOBaHHbie Ha npocTpan- 
CTBeHHoii 6ecK0HeMH0CTH (t.c. 4)ypbe-o6pa3bi TO>Ke rjiaflKne 4)yHKLi,HH). Ecjih 
nepenncaTb nocjieflHee ypaBHeHHe b BHfle 

TO B03HHKaK)n],HH TOK {Iafi;fi = 0) 6yfleT TpHBHajieH. 

TaKJKe TpHBHajien 9JieKTpoMarHHTHbiH tok ypaBHenHH MaKCBejiJia ( 11.461 ) 

C oflHoii CTopoHbi 9T0 xopoHio, HOCKOJibKy rapaHTHpyeT rjioGajibnyio sjieKTpo- 
HeiiTpajibHOCTb. H Boo6n],e, OTcyTCTBHe y CHCxeMbi ( 11.471 ) saKonoB coxpaHenHH 
oananaeT OTcyTCTBne npoGjieMbi Bbi6opa coxpaH5Hom,Hxc5i BejiHMHH (aapiiflOB) 
— CBoero pofla '4)yHflaMeHTajibHbix H0CT05iHHbix'. C flpyroH CTopoHbi, htoGm 
cyn],ecTBOBajiH pemeHH5i c acHMHTOTHKoii, noxo^Kefi na KyjiOHOBCKyio, Tpe6y- 
eTC5i BbiflBHraTb Heo6biMHbie, na HepBbifi Bsrjiflfl, HpeflHOjio>KeHH5i o flOHOji- 
HHTejibHOM npocTpancTBeHHOM HSMepeHHH H o cnoco6e ero peflyKLi,HH. HMen- 
HO, naflo npeflnojio>KHTb, mto xapaKTepHbift pasMep L no 3toh KOopflnnaTe 
oneHb BejiHK, H 3jieMeHTapHbie 3ap5i>KeHHbie HacTHu,enoflo6Hbie pemeHH5i^ no- 
xo>KH na flHHOJib HjiH KBaflpynojib, opHeHTHpoBanHbift no flonojinnTejibnoMy 
HSMepeHHK) — 3ap5ifl u,eHTpajibHOH o6jiacTH oflHoro snaxa KOMnencHpyeTCfl 

TpeTbeii rjiaee 6ypjT o6cy>KflaTbCfl noflo6Hbie cymecTBeHHO nejiHHeiiHbie KOHcjjnrypaiiHH, o6jiaflaio- 
mne TonojiorHT^ecKHM sapaflOM. 
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njiOTHOCTbK) sapflfla npoTHBonojio:«;Horo SHaxa nepncj^epHftHbix oGjiacTeii. To 
ecTb Ha paccT05iHH5ix r > L KyjiOHOBCKHii saKOH flOji:>KeH CMeH5iTbC5i flpyrHM 
MyjibTHnojieM, flpyrHM CTenennbiM saKOHOM. Ha SKcnepHMenTOB no npoBepxe 
KyjTOHOBCKoro saKona |42| (MarnHTHoe nojie lOnHTepa, |43| ) cjieflyex orpanH- 
neHHe L > 3 • lO^^cm. Ha^o noflnepKnyTb, hto 94)(J)eKT npoT5i>KeHHOCTH no 
noBOMy HSMepennK) ne SKBHBajienTen najinnnio Maccbi y 4)OTona — nocjieflnee 
npHBOflHT K lOKaBCKOH acHMnTOTHKC, cnaflaion],eH Gbicxpee Jiio6oro CTenennoro 
saKona. riosTOMy HajiHMne o^enb npoT5i>KeHHbix (~ lO^^cm) rajiaKTH^ecKHx 
MarHHTHbix nojieii no-BHflHMOMy, ne orpanHMHBaeT L (ho orpaHHMHBaeT, 

KOHCHHO, MaCCy 4)0T0Ha)^. 

CTpaHHoe npeflnojio:>KeHHe 06 orpoMHofi npoT5i:>KeHHOCTH flonojiHHTejib- 
noro H3MepenH5i mo^kct, oflnaKO, 6biTb 9JieMenTapnbiM cjieflCTBneM (o6bin- 
HbiM pejiHTHBHCTCKHM 3(J)(J)eKT0M) npocTeftmero KOCMOJiornnecKoro cu,enapH5i 
— c(|)epHnecKH-CHMMeTpHnnoro yjibTpapeji5iTHBHCTCKoro pacmnpennfl (xnna 
OflnnonnoH bojibbi no paflnycy). IloflpoGnoe o6cy>KflenHe KOCMOJiornnecKoro 
pemeHHfl h ero napaMCTpoB (cnocoGnbix nrpaTb pojib '4)yHflaMeHTajibHbix no- 
CTOflHHbix') nocjieflyeT no3:>Ke (cm. §2.5, §3.4), a ceiiMac xoTejiocb 6bi jinmb 
noflHepKHyTb Ba^KHeiiniyio pojib chmmctphh fljia ycToiiMHBOCTH pemeHH5i (mto 
Mo:«;eT 6biTb npon],e h CHMMeTpnHHeii ccj^epHHecKoft CHMMeTpHn!). KpoMe Toro 
HajiHMHe CHMMCTpHH, TO ecTb BCKTopa KnjijiHHra (tomhofo hjih hohth), BMecTe 
c cyn],ecTBOBanHeM xenaopa sneprnn-HMnyjibca MO>KeT npnBOflHTb k najinnnio 
(nonTH Tonnoro) saKona coxpanenH5i aneprnn-HMnyjibca: na Gojibmon cxaflnn 
pacmnpennii, Kor^a c4)epHnecKa5i BOJina Majio OTjinnnivia ot njiocKon bojibbi, 
HMeeTCfl npH6jiH>KennbiH BCKTop Knjijinnra, OTBenaK)n],HH Tpancji5iLi,HH b^ojib 

HOpMajIH (bflOJIb flOnOJIHHTejIbHOrO H3MepeHH5l). 

^51 npHsnaTejien II.B. Bopo6beBy 3a nojiesHoe o6cy}K^eHHe SToro Bonpoca. 
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1.7 TToCTHbRDTOHOBCKHe 34)4)eKTbI 



B paccMaTpHBaeMOH TeopHH Hejib35i hckjuomhtb KOopflHHaTHbiM npeo6pa- 
soBaHHeM B TOMKe Bce MjieHbi h' — MacTb hx oGpasyeT TCHSop (ho bo3mo>kho, 
pa3yMeeTC5i, g' = 0); KpoMe Toro, Teopnio mo>kho (J)opMyjiHpoBaTb, ncnojib- 

3y5I HeCHMMeTpHMHyiO CB5I3HOCTb, H CaMO Ha3BaHHe CB5I3aHO C 3THM o6cT05I- 

TejibCTBOM. no9TOMy 3aK0H0MepeH Bonpoc, KaKHM o6pa30M 6yfleT flBHraxbCfl 
He6ojibmoe B03Myiii,eHHe ('BbicoKOMacTOTHbiii naKex'), ecjiH 3aflaH0 neKoe 4)o- 
HOBoe pemeHHe. 

MtoGbi HMCTb B03Mo:«;HOCTb cpaBHHBaTb, 6yfleM paccMaTpHBaTb oflHona- 
paMeTpHMecKHH Kjiacc ypaBHeHHii ( 11.321 ) (flonycKaromnx pemeHHfl c / = 0), 
HacTHbiM cjiynaeM KOToporo 5iBji5ieTC5i onTHuajibHoe ypaBHCHHe ( II ■471 ). Ah- 
THCHMMeTpHMHaa HacTb ( 11.321 ) H ypaBHeHHe MaxcBejijia (cm. TaK:>Ke ( 11.381 )) 
Bbirji5ifl5iT cjieflyiomHM o6pa30M: 

H^, = 2E[^,] = S,,x.x + (1 - 3a)(^, - ^^.a^a) = ; (1.54) 

U.;. = J^.] = (5'/..a$a);. = -I/25'^.a/.a + (1 " 3a)^,$, . (1.55) 

Bo3bMeM 4)OHOBoe pemeHHe hay,{x) Taxoe, hto flji5i nero f^y = 0, a TaK»:e 
S^ivX = — 9T0 B03Mo:>KHO (h fla:>Ke o65i3aTejibHo) npn HajiHHHH bbicokoh chm- 
MeTpHH, nanpHMep c(|)epHHecKOH ($^ = TOjibKO fljia TpHBnajibHbix pemenHii, 
CM. §1.5). 

EcjiH Tenepb paccMOTpcTb B03Myiii,eHHe 

TO H3 ( 11.551 ) nOJiyHHM ypaBHCHHe flJI5I 5f^j^ {^f^'^ = g'^'^g'^^^fer, T.K. flJI5I 4)0Ha 

/ = 0): 

(^r^);. = (1 - ^C7)^Jr {{5f[,.);X] = 0), 

TO ecTb npH cr = 1/3 (a 3to Kax pa3 cjiyMaft onmuMaAhHUX ypaBHeHHii ( 11.471 )) 

B03M0>KHa HOJTHaa HJIJTI03H5I, 6yflT0 'caMOCTOaTCJIbHOe' HOJie 5f^y HOrpy^KCHO 
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B pHMaHOBO npocTpaHCTBO H flBH>KeTC5i CTaHflapTHbiM o6pa30M — no pHMa- 
HOBOH reoflesHnecKoii (na caMOM flejie Bce oGteflHHeHO nojieM h KpoMe 
MCTpHKH eme MTO-TO HaKpy^eHo: nanpHMep, HejibSH BbipasHTb ^epes mct- 
pHKy). 3to Ba>KHO, nocKOJTBKy HMeHHO /^jy nepenocHT sneprHio; "sKBHBajienT- 
HOCTb"MO>KHO CB5i3biBaTb c yHHBepcajiBHbiM (sjieKTpoMarHHTHbiM) xapaKTC- 
poM T^j^. EcjiH a 1/3, TO flBHJKenHe 5/^,^ 6yfleT onpefleji5iTbC5i ne oflHoft 
jiHinb MeTpHKOH, KaK H flBHJKeHHe KOMnoneHTbi 5S^jy\ — npH jiK)6oM (J (cm. 

dm)). 

OopMa 3Be3fl H njianeT GjiHSxa k c(|)epHnecKOH, ho co6cTBeHHoe BpameHHe 
3Be3flbi HjiH njiaHeTbi HapymaeT c(J)epHHecKyio CHMMeTpnio h aoji^kho HHflyLi,H- 
poBaTb nojie /\S^y\. He HCKjiioneHO, mto AS^,^x mojkct Bbi3biBaTb HenyjieBoe 
nojie A/^j,, CM. ( 11.551 ) (bo3mo>kho, jiio6oro 3HaKa!). 9tot 9(J)(J)eKT mojkct fla- 
BaTb BKJiafl B MarHHTHoe nojie Bpaiii,aioiii,Hxc5i 3Be3fl h njianeT (cymecTByiOT 
pa3Hbie MHeHHfl o npnpofle 3Toro nojia |5l 1171 liS]). 

EcTecTBeHHO o>KHflaTb, MTO, flonycTHM, B 9KcnepHMeHTe IHannpo nojie 

AfS^z/A CHOCoGhO nOBJIH5ITb TOJIbKO Ha nOJI5ipH3aLI,HIO naKCTa 6fn,^, T.K. AS/ji^X 

He Mo:«;eT bohth b ypaBnenne aiiKOHajia 

To ecTb npn (7=1/3 [onmuMaA'bHue ypaBHeHH5i) sjieKTpoMarHHTHbm naxeT 
flBH>KeTC5i no pHMaHOBOH reofle3HnecKOH, h KjiaccnnecKHe (ne 3aBHC5iiii,He ot 

nOJI5ipH3aLI,HH HJIH CHHHa) HOCTHblOTOHOBCKHe 3(J)(J)eKTbI TaKHC >Ke, KaK B OTO 
(eCJIH TOJIbKO B03M0>KHa HbK)T0H0BCKa5I aCHMHTOTHKa) . B cjiyHae (J 7^ 1/3 B 

ypaBHeHHH SHKonajia H05iBji5ieTC5i hjich $^?/^;^, cm. ( 11.551 ). 

PaccMOTpHM pemeHHe Tnna hjiockoh bojihbi = a^^e^^^^ na (J)OHe 

cj[a6oro S—noji5{ c KOMHOHeHToit 

Soij = £ijkct,ki oii^i = 0. 

Sflecb = 1,2,3; ynTenbi ypaBHeHH5i ( 11.121 ). ( 11.371 ). (KoMnoHeHTa Sijk mo- 
:>KeT 'HanHHaTbC5i' c KBaflpynojibHoro njieHa h mo:>kho eft npeneGpenb, a 
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OL npocTeftniHM 6yfleT flnnojibHoe pemeHne a = ^iX^jr^^ r^e — (nces- 
flo)BeKTop THna BCKTopa Bpaiii,eHH5i, T.e. nponopLi,HOHajibHbiH eMy.) 

B nepBOM npH6jiH>KeHHH BKjiafl jS— nojia ne saBHCHT ot Majioft neeBKjiH- 

flOBOCTH, TaK MTO, CMHTafl MCTpHKy TpHBHajIBHOH, S* — BOJie — MeflJieHHO MC- 
H5IK)III,HMC5I, H nOJIO>KHB 

/c^ = (-cj, 0, 0, /c), ooi = e^, a^j- = ej^fc/i/t, 

flji5i aMnjiHTyfl njiocKoft bojihbi nojiy^HM ypaBHeHH5i (cm. ( 11.461 ). ( 11.551 )) 

k 

hi = — eazjCj, ue^ + kssijhj + ie^jkCja^k = 0. 

HcKjiiOMafl /ij H npeHe6pera5i b nepBOM npH6jiH>KeHHH aMnjiHTyfloft 63 (63 ~ 
0(Qf)), nojiyMHM napy ypaBHeHHii 



2 A:2 



ye, J 



= 0, 



OTKyfla cjieflyeT flHcnepcHOHHoe ypaBHenne h ero pemeHH5i 

/ 2 7 2\2 2 2 7 I 

(cj - A; } = cj , A;± = cj ± -a,3 . 

MojKHO npoBepHTb, MTO coGcTBeHHBie BCKTopa cooTBeTCTByioT jieBOH H npaBoft 
noji5ipH3aLi,H5iM. PasjiHMHe /c-f- H /c_ osHa^aeT, mto b cjiy^ae njiocKO-noji5ipH30- 

BaHHOH BOJIHbl 6yfleT HpOHCXOflHTb HOBOpOT HJIOCKOCTH HOJI5ipH3aU,HH d^p = 
a^iki/kdl, HpHHCM HOJIHblH yrOJI HOBOpOTa SaBHCHT TOJIbKO OT HanajIbHOH H 

KoneHHOH tohck: A(p = aj — ai. 

IlocKOjibKy 4)eHOMeHOjiorH5i BecoMofi MaTepnn b paMKax All (TyT Ba:>KHO 
flonojiHHTejibHoe HSMepenHe) h ee BsanMOfleftcTBHe c jS^j/a HeacHbi, k co>Kajie- 
HHio, saTpyflHHTejibHO flejiaTb KaKHe-TO KOJiH^ecTBenHbie OLi,eHKH. 
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FjiaBa 2. CnHryjiapHOCXH pemeHHii 



ripeflCTaBHM, MTO rfle-TO HMeeTC5i cynepKOMntiOTep h o6t.iKHOBeHHbiH cxy- 
flCHT (ne pacnojio>KeHHbiH k cynepcHMMexpHH), >Kejiaioiii,HH nocMHTaTb peme- 
HH5I 'noflxoflflmeii' CHCTeMbi ypaBnenHH. noflxofl5iiii,HMH eMy npeflCTaBji5iK)TC5i 
ypaBHeHHfl 

• BO-nepBbix, rHnep6ojiHHecKoro THna (JlopeHLi,-HHBapHaHTHOCTb b npH6jiH- 
>KeHHH cjia6oro nojia; fla, h mto6 pasMepnocTb npocTpancTBa n 6t.iJia ne 
MeHBLue 1 + 3), 

• BO-BTopbix, — HejIHHeftHbie (na OHbiTe neT cyHepH03HLi,HH; jinneftHOCTb 
nepecHyp npocTa), 

• H, HaKOHeu,, ypaBHeHH5i 3th aoji^khbi 6t.iTb BHyxpeHHe HenpoTHBopeHHBbi. 
To ecTb pemeHHe safla^H Komn ne flOji>KHO HMeTb rpaHHu, bo BpeMenn 

(cB5I3aHHbIX C BOSHHKHOBeHHeM CHHryjI5ipH0CTeft HJIH MHOrOSHaHHOCTH 

pemeHH5i), HCKjuoMaa, 6biTb Mo:>KeT, TOjibKO o^enb peflxne, cocTaBji5iK)ii],He 
Mepy Hyjib, BapnaHTbi Ha^ajibKbix flannbix Kohih. 

06ocHOBbiBa5i HOCJieflHee TpeGoBanne, cxyflenT totob cocjiaTbCH na aHajiomio 
113 Teojiorim: 'Bor ne MO^Kex orpaHHHHBaTb CBoe MorymecTBO, OTBeTCTBen- 

HOCTb H KOMneTeHTHOCTb'*. 

KaK npaBHJio, pemeHHii nejinneftHbix ypaBneniift Moryx CTaHOBHTbCfl mho- 
ro3HaMHbiMii 1221 • 3to 5iBjieHHe nasbiBaiOT TaK>Ke gpaduenmHou Kamacmpo- 

(f)OU, H 06bIMH0 erO CB5I3bIBaiOT C ypaBHeHH5IMH raSOBOft flHHaMHKH JXji5i 

o6iii,eKOBapHaHTHbix ypaBHeHHft (sanncaB ypaBHeHH5i b TaxoM BHfle) mo:>kho 

^KcTaTH, 6pocaHue Kocmeu osna^aeT HecoMHenHbiii KpnsHC KOMneTeHTHOCTH (Bor 'ne KoneHraren'). 
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ycTpaHflTb BeTBjieHHe sa cmct MHorosHaMHoii saMeHbi KOopflHHaT, ho BMecTO 
'tomck KaTacTpo4)bi' BOSHHKaiOT oco6eHHOCTH KO-MCTpHKH (h/hjih KO-penepHoro 
noji5i) — K0-CHHryji5ipH0CTH c Bbipo>KfleHHeM g^,y (hjih h"'^). JXpyrom thh ocoGeHHOCTeft 

— KOHTpa-CHHryjiapHOCTH, CB5I3aHHbie C BbipO>KfleHHeM KOHTpaBapHaHTHoro 

penepa ha^ {d^'^), hjih, b o6n],eM cjiynae, penepHoft njiOTHOCTH neKOToporo 
Beca. 

B flaHHOH rjiaBe paccMaxpHBaiOTCfl 4)opMajibHbie pemeHH5i (poctkh peme- 
hhh), pacTymne h3 CHHryjiapHOCTH, jih6o xax yroflHO Gjihskhc k TaxoBbiM, h 

06cy>KflaK)TC5I Heo6xOflHMbie yCJI0BH5I CyiII,eCTB0BaHH5I TaKHX pOCTKOB. OCHOB- 

Ha5i Li,ejib, KOTopa5i npn 9tom npecjieflyeTca, 3to BbiflejieHne cpeflH ypaBHeHHH 
An '6eccHHryji5ipHbix' ypaBHeHHH, b o6meM pemennH KOTopbix CHHryji5ipH0- 

CTH He pO>KflaiOTC5I, He B03HHKaK)T. 

2.1 rpa^HGHTHaa KaxacTpocJia h KO-CHHryjiapnocTH 

riepBafl Hpo6jieMa, c KOTopoft CTajiKHBaeTC5i HejinneftHoe ypaBnenne, 9to 
rpaflneHTHaa KaTacTpo4)a, T.e. bosmo^khoctb MHoroananHbix pemenHH, po^Kfle- 
HHe MHorosnaHHOCTH. y>Ke cjieflyK)n],ee npocToe ypaBHeHne (MOflejibHoe ypaB- 
HeHHe rasoBOH flHHaMHKH |32| ) 



du/dx =udu/dx 



1 




3a KOHeHHoe BpeM5i npoHSBOflHbie bbi- 



HHe CTaH0BHTC5I MHOrOSHaHHbIM, CM. 




pacTaiOT flo 6ecK0HeHH0CTH, h peine- 





6oH ceneHiie TpHBiiajibHoro paccjioe- 



PhC. 1. B03HHKH0BeHHe 

MHoro3HaHHOCTH pemeHHa u{x,t). 




Ha 6a3y {x^,x^) HMeeT oco6eHHOCTb Tnna c6opKH [24]. 
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MHoro3HaMHOCTb H 6ecK0HeMH0CTb npoH3BOflHbix 4)H3HMecKH HenpneMjiH- 

Mbl. BblXOfl HaX0fl5IT B TOM, HTO npHBJieKaiOT flOnOJIHHTejIbHyiO HH4)OpMaLI,HIO 

(fljiHHa CBo6oflHoro npo6era, ycjiOBH5i FioroHHo), ne coflep>Kaiii,yioc5i b ypaB- 
HeHH5ix raaoBOH flHnaMHKH, a caMH ypaBHeHH5i noflnaflaiOT b paap^fl (jDenoMe- 

HOJIOrHH C OrpaHHMeHHOH OTBeTCTBeHHOCTbK). 

BaKyyMHoe ypaBnenHe OTO 5iBJi5ieTC5i, Kasajiocb 6bi, mcm-to GojibniHM, 
ne^KejiH (J)eHOMeHOJiorH5i. OflnaKO, b pemeHH5ix OTO npn onpeflejiennbix ycjio- 
BH5IX c HeH36e>KHOCTbK) BOSHHKaiOT CHHryji5ipH0CTH [3,7-10], oco6eHHOCTH npo- 
CTpaHCTBa-BpeMeHH. BosHHKaeT Tax^Ke Bonpoc, He CBfisaHbi jih sth CHHryji5ip- 
HOCTH c rpaflneHTHoii KaTacTpo(|)OH. 

ripeflCTaBHM ce6e MHorosHaMHoe pemeHne (jiOKajibHoe, pocTOK pemeHHfl) 
g(x) H Bbi6epeM noBbie KOopflnnaTbi y 'bflOJib rpa{|)HKa pemeHH5i' (Phc. 1), T.e. 
Tax, MTo g*{y) — oflHosnaMHoe oTo6pa>KeHHe. IlpH stom x{y) — oTo6pa>KeHHe 

C 0C06eHH0CTbK), H B HOBOH CHCTeMe KOOpflHHaT MCTpHKa 

6yfleT Bbipo:«;fleHHOH b Tex TOMxax, r^e 6bijiH nepernGbi h r^e Bbipo:«;fleHa 
MaTpHLi,a dx/dy. IlocKOJibKy CHHryjiapHOCTH o6cy>KflaeMoro THna CBaaaHbi c 
Bbi6opoM B Ka^ecTBe neaaBHCHMbix nepeMennbix sjieivieHTOB KO-MaTpHLi,bi g^^ 
(h c ee Bbipo>KfleHHeM), mojkho nasBaTb hx 'KO-CHHryjT5ipHOCT5iMH'. 

TaKoe pemeHHe g*{y) (rank5'*j,(?/o) < n) bo3mo>kho, ecjiH, BO-nepBbix, 

CHMBOJI ypaBHeHHH OCTaeTCfl UH60AK)mU6HUM npH BbipOJKfleHHH g^i, (T.e. B 

ypaBHeHH5ix h npoflOji>KeHHbix ypaBHeHH5ix He flOji^KHbi HC^eaaTb CTapmne 
MjieHbi, CTapmne nponsBOflHbie [221 ESI EH])- Bo-BTopbix Hy>KHO ysnaTb, pac- 

XOfl5ITC5I HJIH 0CTaK)TC5I KOHeMHblMH npH BbipO:>KfleHHH KO-MeTpHKH MJiafllUHe 

MjieHbi ypaBHeHHH. O nepBOM cjiynae 6yfleM roBopHTb kslk o 'cHjibHbix', a o 
BTopoM — KaK o 'cjia6bix' CHHryji5ipHOCT5ix, 3a KOTopbie pemeHHe MO>KeT Gbitb 

HpOflOJIJKeHO. 

C 9T0H TOMKH 3peHH5i paccMOTpHM ypaBHeHHe ( 12.11 ). saHHcaB ero B o6ni,e- 
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KOBapnaHTHOM BHfle: 

u^^c-{u)ha^h = (c«= (1,-w), /i = det/i%), ^^^^ 
2/i"[^,jy] = (= /i^^^i, - h'^u.ix)- 

Sflecb BBeflCHO nojie 2-penepoB h°'^ {N^^hh^ = ^5). 

YcjiOBHe TpHBHajiBHOCTH npocTpaHCTBa (BTopoe ypaBHeHHe (12.21) ) pery- 
jiapHO H flji5i Bbipo^KfleHHBix MaTpHu, /i"^. MHHopt.1 MaTpHn,t.i KopaHra 
OflHH /i/ia^ = dh/dh°^^^ Bxofl5in],He b (12.21) . ocTaiOTC5i KonenHbiMH h peryji5ip- 
HOCTb nepBoro ypaBHeHH5i b (12.21) coxpaH5ieTC5i, Korfla rank/i"^ = 1, Kpo- 
Me cjiy^afl d^hha^ = 0. IloaTOMy CHCTeMa (12.21) HMeeT (|)opMajibHbie peme- 
HH5I c Bbipo>KfleHHOH MaTpHLi,eH h°' ^{xq) b Ka^ecTBe HyjieBoro Mjiena p5ifla. 
Oco6eHHOCTb B TOMKe xq 6yfleT (J)H3HMecK0H, T.K. o6pan],aiOTC5i b GecKoneM- 
HOCTb HHBapnaHTbi u^^ha^. KoHeHHO, B03Mo:»<;HOCTb 4)opMajibHoro pemeHH5i 
c K0-CHHryji5ipH0CTbK), 5iBji5i5icb Heo6xoflHMbiM ycjiOBHeM, He rapaHTHpyeT cy- 
ni,ecTB0BaHH5i rjio6ajibHoro pemeHH5i, yflOBJieTBopaiomero onpeflejienHbiM rpa- 

HHHHblM yCJI0BH5IM. 

B pemeHHflx OTO TaK>Ke bosmo^khbi KO-CHHryjiapHOCTH, xota ycTpoenbi 
OHH cjio>KHee. Hcnojibsyfl MHHopbi MeTpHKH g^i, panra n — 3 

[liv,£T,a(3] = d^{-g) /d{g 1,^8 gerd gap) 

H yMHTbiBa5i Hx CBoiicTBa CHMMeTpHH, sannmeM ypaBHeHHe OTO cjieflyK)n],HM 
o6pa30M: 

gig^'^R - 2Rn = [^^. er, ap] {g^p^er + /'^r,,,,r^,,^) = . (2.3) 

Chmboji 3Toro ypaBHeHHfl (cTapmne HpoHSBOflHbie) peryjiapen h hhbojiioth- 
Ben, ecjiH XM\kg^y > n — 1, ho Mjiaflmne HJienbi pacxofl5iTC5i npn Bbipo^KflennH 

g^y. rioSTOMy TOHKa K0-CHHryjI5ipH0CTH, HO-BHflHMOMy, HeflOCTH>KHMa, MO:>K- 

HO TOjibKO HpH6jiH>KaTbC5i K Heft KaK yroflHO 6jih3ko. To ecTb b OTO HMeeT 
MecTO cjiyHaii 'cHjibHbix' K0-CHHryji5ipH0CTeH, b OTjinnne ot 'cjia6bix' cnnry- 

JI5ipH0CTeH CHCTeMbI (12.21) . 
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06iii,ee pemeHHe OTO b6jih3h KO-CHHryjiapHOCTH npeflCTaBjieHO b pa6o- 
Te [ID]; OHO HMeeT cjio^khbih KOjieGaTejibHbifi xapaxTep, BbiSBaKHbiii pacxo- 
flHMOCTbK) MjiaflniHx MJienoB. HyjKHO nofl^epKHyTb, mto najiHMHe CHMMeTpHH 
MOJKCT paspeniHTb flonojiHHTejibHbie THnbi CHHryjiiipHOCTeft (nanpHMep, ko- 
CHHryji5ipH0CTH Kopanra Gojibine eflHHHLi,bi). 

B cjieflyiomeM naparpa4)e 6yflyT paccMOTpenbi ypaBHenHa a6cojiK)THoro 
napajiJiejiHSMa h Bbiflejienbi Te h3 hhx, KOTopbie ne flonycKaex K0-CHHryji5ip- 
HOCTefi, T.K. He coxpanaiOT HHBOjiiOTHBHOCTb CHMBOjia B cjiy^ae BbipO:>KfleHH5I 

MaTpHLI,bI /i"^. 

A6cojiK)THbiH napajijiejiH3M, Kax h OTO, 0TjiHMaeTC5i cjieflyiomHM Ba:>K- 
HbiM cbohctbom: He flH{|){|)epeHLi,Hpy5i noji5i (nojie n-penepoB h"'^), T.e. h3 ny- 
jieBbix fl>KeTOB, Hejib35i nocTpoHTb HHBapHaHT, CKajiapnoe nojie^; ne Bbixoflfl 
B OKpecTHOCTb, Hejib35i OTjiHMHTb OflHy (necHHryjiflpnyK)) TOMKy ot flpyroft. 
HMenno nyjieBbie fl^Kexbi onpeflejiaiOT chmboji ypaBnenHft, h Bce pa3HOo6pa- 
3He CHHryjiflpnocTeii b All CB5i3aHO jinnib c oflHHM napaMexpoM — panroM 
CHHryjiiipHOCTH rank/i"^ (B03Mo:>KeH h BTopoii napaMeTp, ecjiH oh OTjiH^en ot 
nepBoro, — panr KO-MeTpHKH rank^^^jy). 

2.2 Bbi6op ypaBHGHHH nojia, 

CBo6o;i;Hbix OT KO-CHHryjiapHOCTen pemeHHH 

rionbiTaeMca 3anHcaTb ypaBHenHA a6cojiK)THoro napajiJiejiH3Ma ( II .351) . 
(11.361) TaKHM o6pa30M, mtoGbi K034)4)HLi,HeHTbi npH BTopbix npoH3BOflHbix no- 
JI5I KO-penepoB h^^^^i^x (KOTopbie onpeflejiaioT chmboji CHCTeMbi) Bbipa>KajiHCb 
Mepe3 MHHopbi MaTpHLi,bi h"'^ B03M0>KH0 GojibHiero Kopanra. 

BbefleM o6o3HaMeHH5i /c-MHHopoB (MHHopoB panra n — k) MaTpnu, h g^,y, 

COOTBeTCTBeHHO: 

{a\ al) = ^'h/dh^^,, ■ ■ ■ dh^^,, = k\ hh^^^ ■ ■ ■ ■ 

6HMeTpHHecKoii TeopHH hjih TeopHH HecHMMeTpH^HOH MeTpHKH 3T0 yace He Tax. 
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MnHopbi, KaK H onpeflejiHTejib, — sto nojiHjiHHeiiHbie Bbipa:>KeHH5i othoch- 
TejibHO sjieMeHTOB (hjih g^,^), h 9to KOCocHMMeTpHHecKne Bbipa:>KeHH5i KaK 
no HHfleKcaM CTpoK, TaK H no nnfleKcaM ctoji6li,ob. 

OKa3biBaeTC5i, mo>kho BHflOHSMenHTb npoHSBOJibnyio (noMTn) cncTeMy ypaB- 
nenHH All ( II .351) . ( 11.361) TaKHM oGpasoM, mto K094)(J)Hu,HeHTbi npn CTapmnx 
npoHSBOflHbix han^vx 6yflyT KBaflpaTHMHbi no 2-MHnopaM Maxpni^bi /i"^. Ha- 
npHMep fljifl BapnanTa cr = 0, r = 1, to ecTb fljia cncTeMbi Bn^a ( 11.231) . jierKO 
nojiynHTb 

/i^E/ = {Ka,p, - {ap)){-g)g''^g^'' + ■■■ = KaM^f^^ H + (^") • (2-4) 

Konennyio Bbipo^Kflennyio Maxpni^y panra n — 1 MO>Kno jieBO-npaBbiM 
npeoGpasoBanneM ( 11.21) npnBecTH k BHfly /i"^ =diag(l, ...,1,0), a saxeM y6e- 
flHTbC5i, nTO peryji5ipnocTb rjiabnon nacxn cncTeMbi ( 12.41) (nnBOJiiOTHBnocTb 
CHMBOjia) coxpan5ieTC5i (ecjin rank/i"^ = n — 1; ecjin rank/i"^ < n — 2, y nacTH 
ypaBnennii cncTeMbi ( 11.231) (hjih ( 11.351) . ( 11.361) ) rjiaBHbie njienbi HcneaaiOT). 
CpeflH MaTpnu, h"'^ Kopanra oflnn naflo pasjinnaTb Tpn cjiynaa: L— BCKTop Cq, 
aHHyjiHpyK)n],HH /i"^ iCah"'^ = 0), Mo:>KeT 6biTb npocTpancTBenno-, BpeMenn- 
HjiH CBeTO-noflo6nbiM b saBHCHMOCTH OT ero fljinnbi CaCbi]"'^] tojibko nepBbin 
cjiynan OTBenaex pootcdeHum cnnryjiiipnocTH. B nocjieflneM cjiynae Kopanr 
(KO-)MeTpHKH g^y paBen flByM, n h"" ^ mo^kbo npnBecTH k flpyroMy 'Kanonn- 
necKOMy' BHfly (neflnaronajibnoMy), a saxeM y6eflHTbC5i, nxo peryji5ipnocTb 
ypaBnennii ( 12.41) TepiieTca (noflo6nbie tomkh npocTpancTBa ajkctob J2{^) = 
Mat{n ■ n)) nejib35i npncoeflnnnTb k cncTCMe, k Mno:>KecTBy 1Z2)- 

CncTeMaTnnecKnn noflxofl k anajinsy nponsBOjibnoii cncTeMbi coctoht b 
cjieflyK)n],eM. IlocKOjibKy b o6n],eM cjiynae b ypaBnenne Tnna ( 12.41) Mo:»<;eT bxo- 
flHTb flpyra^i KOM6nnaLi,n5i cnMMeTpnnnoro, anTncnMMeTpnnnoro n cjieflOBoro 
ypaBnennii, naflo paccMaTpnBaTb rjiaBnbie njienbi ypannennii nn^a 

E/ = {aiGab + a2H6„ + a3r]abG,c:)H/H^P = 0, (2.5) 
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rfle fljifl Gojibmefi o6iii,hocth cflejiana saMena /i^ = H^H'^ (BBefleHa K0-penepHa5i 
njiOTHOCTb HeKOToporo Beca). 

nojio>KHB =diag(l, . . . , 1, (5), h3 TpeGoBanHH coKpaiii,eHH5i b rjiaBHofi 
MacTH MJienoB ~ 1/^*^, 1/^^ (ohh no5iBJi5iK)TC5i He BO Bcex ypaBHeHH5ix, nosTOMy 

HyjKHO HX COKpaTHTb — eCJIH npHH5ITb HX 3a 'oCHOBHbie' HJieHbl H KOMnencH- 

poBaTb pacxoflHMOCTb yMHO>KeHHeM Ha onpeflejiHTejib h b ny^KHoft CTenenH, to 
peryjiflpnocTb ypaBnenHH 6yfleT Tep5iTbC5i npn Bbipo>KfleHHH h"'^) onpeflejiHM 

KOHCTaHTbl, 06lII,HH K09{|){|)HLI,HeHT flJI5I tti — flCJIO BKyCa: 

ai = r, 02 = 1 — cr, ^3 = 0; p = 

(fljia r = SHaMeHHe p He onpeflejieno) . Tenepb mo^kho sanncaTb ypaBHeHH5i 
(rjiaBHyio nacTb) b >KejiaeMOM BHfle: 

ft'E/' = 2ftt„,^„ ((r + <j)r,ablaiJ., M - [Zc] [be] ' 

— ("ftcT (-))+•••■ (2.6) 

SaMe^aTejibHO, mto hckomoh K0M6HHaLi,HeH ypaBHenHH OKaaajiacb hmchho Ta, 
KOTopa5i BxoflHT B TjiaBHyK) MacTb (cTapmne HpoHSBOflHbie) TO>KflecTBa, o6ec- 
HeMHBaion],ero coBMecTHOCTb CHCTeMbi; cm., nanpHMep, TO>KflecTBa flji5i chctcm 

(inHD, (OID, (imi), (in2D. 

ChMBOJI CHCTeMbi ( 12.61 ) HHBOJIIOTHBeH, eCJIH 

rank/i"^^, rank^r^^, > n — 1 , 
— KpoMe cjiynaeB cr = 1 h r = 0, Kor^a b (12.51) (h (12.61) ) BxoflHT, cooTBeTCTBen- 

HO, TOJIbKO CHMMeTpHHHa5I H TOJIbKO aHTHCHMMeTpHHHa5I HaCTb ypaBHeHHH, H 

Korfla Tpe6yeTC5i flOHOJiHHTejibHbift anajiHS. 

Bo-nepBbix, b 3thx cjiy^afix, omcbhaho, 06a HHfleKca oflnnaKOBbi, h Hy>KHO 
nepeiiTH k ypaBHenHio /i^E^^ = 0; npn 3tom b rjiaBHbix Mjienax no5iBHTC5i 3- 
MHHop. J\ji5i BapnaHTa a = 1 r3 (12.61) cjieflyeT 
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CHMMCTpHMHoe ypaBHeHHe G^^j,) = ( 11.351 ) npn a = 1 coBnaflaeT b rjiaBHoii 
HacTH c ypaBHeHHeM OTO — mo>kho cpaBHHTb npeflbiflymee ypaBHeHHe ( 12.71 ) 
H rjiaBHbie Mjienbi b ypaBHeHHH ( 12.31 ). 

AnTHCHMMeTpHMHyK) MacTb M05KH0 HbiTaTBCfl sanHcaTB B flpyroH 4)opMe, 
MeM CHMMexpHMHyio ( 12.71 ). — b flpyrnx HHfleKcax. IlpH 9tom y>Ke nejibSfl o6oh- 
THCb 6e3 1-MHHopoB. TeM He Menee flji5i ypaBHeHHH 

ft^H„. = (^) - r,^ (^^ + (1 - r),.. + = 



;2.8) 

rjiaBHafl ^acTb (chmboji) peryji5ipHa npn ycjiOBHH rank^f^j, ^ n — 1, KaK h b 
Li,ejiOM flji5i CHCTeMbi ( 12 . 71 ) ■ ( 12.81 ). IlpH noflCMeTe ypaBnenHH (b rjiaBHoft MacTn) 
yfloGnee cnrnaTypa 6ab h HHfleKCbi a, ^u- = 1, . . . , n. riojiojKHB 

= - ^na^^n^i, (a) ^ ^na^Ufi h t.^., 

HeTpyflHO, nanpHMep, npoBepHTb, hto CTapmne HpoHSBOflHbie KOMHoneHTbi in 
(i < n) H3 ( 12.81 ) He 3aHyji5iK)TC5i h ne coBnaflaiOT c anajiorHnHbiM ypaBHenneM 
H3 (O). 

OcTajiCfl caMbift HHTepecHbift BapnanT r = 0, Korfla ecTb npoHSBOJibHbiH 
napaMeTp p. Jl^Jifi aHTHCHMMeTpHHHoft nacTH neTpyflno nojiyHHTb (cm. ( 12.61 ): 

SfleCb MHHOpbl OTHOC5ITC5I K MaTpHLI,e H°' ^) 



MowiRO noflo6paTb p Tax, hto h Mjiaflmne HjieHbi b npeflbiflymeM ypaBHeHHH 
He 6yflyT CHHryjiapHbi npn Bbipo^KflennH H""^. Ho CHMMeTpHHHoe ypaBHenne 
(hjih pasflejibHO cjieflOBoe ypaBHenne h GeccjieflOByio CHMMeTpHHHyio nacTb) 
He yflaeTCfl sanHcaTb b TaKOM BH^e, htoGbi peryji5ipH0CTb rjiaBHOH nacTH (hh- 
BOJiiOTHBHOCTb CHMBOJia) coxpaHfljiacb B cjiyHae Bbipo>KfleHH5i KO-penepHOH 
HjiOTHOCTH (rankiif"^ = n — l), — KOMHonenT y CHMMeTpHHHoii nacTH cjihhikom 

MHOrO, a 1-MHHOpbI 3aHyjI5IIOTC5I CJIHHIKOM flpy>KHO. 

HTaK, cpeflH ypaBHeHHH All Bbifleji5ieTC5i cjiynaii r = 0, cr 7^ 1, Kor^a 
pemeHH5i CBo6oflHbi ot K0-CHHryji5ipH0CTeH h, snaHHT, ot rpaflneHTHoii KaTa- 
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CTpo4)bi. B §1.4 cneLi,HajibHO paccMaTpHBajica hmchho stot cjiyMaii h Gbijih 
yKaaaHbi flBa BapnaHTa coBMecTHbix cncTeM c r = 0. IlepBbiH BapnaHT — 
3T0 onmuMttAhHoe ypaBHeHHe (11.471) . KOTopoe 6yfleM oGosHa^aTb xaK^Ke Eq.A 
(ypaBHeHHe A), h fljia KOToporo pasMepnocTb n ne 4)HKCHpoBaHa: 

Eq.A ^ (OZD, r = 0, (7 = i n7^4(no = 4); 

BTopoft BapnaHT (ypaBHeHHe B) 3to nacTHbiH cjiynaft c r = flByxnapaMeT- 
pHHecKoro Kjiacca C (11.311) . Korfla pasMepnocTb HpocTpancTBa 4)HKCHpoBaHa, 
HO HapaMeTp a [a 1) ocTaeTca cboGoahbim: 

Eq.B ^ dESH), r = 0, (JT^i n = 4(no = l + (J-^). 

o 

XoTfl BapnaHT Eq.A HpeflHOMTHTejibHefi c tomkh 3peHH5i SKcnepHMeHTa, t.k. 

B03M0>KHbI pemeHH5I C 3JieKTpHMeCKHM 3ap5IflOM, XOTejIOCb 6bl MOTHBHpOBaTb 

a priori 9tot Bbi6op, a xax^Ke 'BbinncjiHTb' pasMepnocTb HpocTpancTBa. 

OxMeTHM B 3T0H CB5I3H, HTO donOAHCHHUe ypaBHeHH5I KJiaCCa C H D (flO- 

6aBjieH0 ypaBHeHHe f^y = 0) flonycKaiOT KO-CHHryjiapHOCTH npn jiio6om r 
(cHMBOJi G2 HHBOJiiOTHBeH, ecjiH rank/i"^ > n — 1), T.e. Eq.A h Eq.B npn 
/ = TepfliOT CBoe 6eccuH2yAHpHoe xa^ecTBO. 

Ha HaMajibHbie flannbie HaKjiaflbiBaeTca ycjiOBne cmpozou jiOKajinsoBaHHO- 
CTH — ocTpoBHbie pemeHH5i (a TaK>Ke ycjiOBne rjiaflKOCTH, h{x) G C°°). Ecjih 
r 7^ 0, TO aanncb cncTeMbi b BH^e i^a[^jy];jy = la^X^) (cm., nanpHMep, (11.301) ) 
Mo:«;eT flaBaTb HeTpHBHajibHbiii saKOH coxpaneHHii /q^;^ = 0; Tor^a CTporaa 

JIOKaJIH3aLI,H5I HeB03M0>KHa — 6yfleT 'flJIHHHaa' aCHMHTOTHKa THHa HblOTOHOB- 
CKOH. 

OxcyTCTBHe TOKa B ypaBHeHHH MaKCBejiJia flji5i Eq.B {f^u-.v = 0) ho3- 

B0JI5ieT HpeflHOJIOJKHTb, HTO 9BOJIIOU,H5I CTporO JIOKaJIHSOBaHHOH HanajIbHOH 

K0H4)HrypaLi,HH b o6n],eM cjiy^ae npHBOflHT Mepes KoneMHoe BpeM5i k no5iBjie- 
HHio o6jiacTH, rfle f^jj = (sjiexTpoMarHHTHoe nojie yjieTaeT), h r^e saTeM 

MO:»<;eT paSBHTbCfl K0-CHHryjI5ipH0CTb. IlOBHflHMOMy, 3T0 06cT05ITejIbCTB0 no3- 

B0ji5ieT OT6pocHTb BapnaHT Eq.B, a TaK>Ke cjiy^aH pasMepnocTH n = 3 flji5i 
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Eq.A^ Korfla tok TaK:>Ke paseH Hyjiio: b peayjibTaTe HHTerpHpoBaHHfl ypaBHe- 
HH5I {hS^^^)^x = nojiyHHM 

5oi2 = ^ J^ = 0. 

B cjieflyiomHx naparpa(J)ax fljia Eq.A 6yfleT paccMaTpHBaTbC5i flpyroft thh 

CHHryjinpHOCTeft — K0HTpa-CHHryjI5ipH0CTH, B03M0>KH0e OTCyTCTBHe KOTOpblX 

B o6iii,eM pemeHHH mo^kct cjiy>KHTb flocTaTOMHbiM ocHOBanHeM flji5i Bt.i6opa 
pasMepHOCTH npocTpaHCTBa-BpeMeHH; noxa mto b Toii hjih hhoh CTeneHH sa- 
6paK0BaHbi cjiy^an n < 4. 

2.3 KoHxpa-CHHryjiapHOCTH 

KoHTpa-CHHryji5ipHOCTH ypaBHeHH5i OTO CB5i3aHbi c Bt.i6opoM B KanecTBe 
saBHCHMbix nepeMeHHbix TeHSopHoft njiOTHOCTH G^'^ = yj—gg^^-, a ne g^''^ . 
3T0My ypaBHeHHK), xaK HSBecTHO 0, mo>kho npHflaTb cjieflyiomHii bh^ (cm. 

^Qi^sQur _ Gf'^G'^)^er + 2{-gy{G''^) = . (2.9) 

Cjiefly5i peLi,enTaM xeopHH coBMecTHOCTH, pasoGpannbiM b § 1.2, mojkho flOKa- 
saTb, MTO CHMBOji ypaBHeHH5i ( 12.91) peryji5ipeH h HHBOjiiOTHBeH, ecjiH rankG^^ > 
2. KaK noKaaaHO b [3] (Bbipa^KCHHe 96.9 flji5i {—g)t^^), b KBaflpaTHMHbix no 
nepBbiM npoHSBOflHbiM njienax ocTaeTca MaTpHLi,a c hh^khhmh HHfleKcaMH G^j^, 
T. e. Mjiaflinne njieHbi pacxofl5iTC5i npn Bbipo>KfleHHH 'paGonefi' MaTpHLi,bi G^^ 
(K0HTpa-CHHryji5ipH0CTH OTO To:>Ke OKasbiBaiOTCfi CHjibHbiMn). 
^Ji5i ypaBHeHHH All anajiorHMHyio pojib nrpaeT saMena 

H/ = h^^h/ {hf = H-PH^, (2.10) 

sflecb p = (no — n)^^, uq = 1 -\ — ; H = det H"'^)- 
EoflCTaBHB (12.101) B (11.31) . 6yfleM hmctb 

Kahc = 2H-P {Ha.H^.'^H/^, + pr]a[bHcfA^,) , (2.11) 

56 



^c = H-P\^H,\, + ^A^,H,^j, sflecb A = lnH. 

OKa3biBaeTC5i j3Sl EH , nponsBOjibHyio cncTeMy All mo:>kho nepenncaTb 
TaK, MTO rjiaBHaa MacTb cncTeMbi 6yfleT coflep:«;aTb TOjibKO MaTpHLi,y (h ee 
npoH3BOflHbie) , HO He H"'f^ [HI^H^ = (x.e. K034)(J)Hu,HeHTbi npn rjiaBHbix 

HpOH3BOflHbIX H^j^)^ KBaflpaTHHHbl HO Ha^): 

H'P{G^ + H^)/2 = H^PH^{Aabc^c + a^a,b + /?$6,a - CTTJab^.^c + (A')) = 

= {K^xH'b-H^,.xH: + pH;;^.xHi:)H^ + H^^^,,{aH^ (2.12) 
+n^&(//'^) = ; sflecb a = ^^^^ — [3 = a - a. 

Haflo HOflHepKHyTb, hto b stom cjiy^ae (saBHCHMbie nepeMeHHbie — KOHTpaBa- 
pnaHTHafi penepHa5i hjiothoctb) 'npaBEjibHaa' KOM6HHan,H5i b paBHoii CTeneHH 

BKJIIOHaeT CHMMeTpHMHyiO H aHTHCHMMeTpHMHyro MaCTH CHCTeMbI, H HyjKHO 
H0fl6HpaTb K094)4)HLI,HeHT J9 (bCC penepHOH HJIOTHOCTh), HT06bI COKpaTHTb B 
rjiaBHblX HpOH3BOflHbIX HJICHbl THHa H^" yji ^y\. SaMCHa ^j, H"^ ^ ( 12.1 01 ] 

"HCHpaBJi5ieT" Heperyji5ipH0CTb CHCTeMbi (cjieflOBoro ypaBHeHH5i) npn n = uq 
(3aHpen],eHHa5i pasMepnocTb, ecjiH no Li,ejioe hhcjio) h neoGpaTHMa b 9tom cjiy- 
Mae. 

KBaflpaTHMHbie MjieHbi V^jy(A^) b aHTHCHMMeTpHHHOM ypaBHeHHH ( 11.151 ) 
MoryT BKjiiOMaTb Tpn cjiaraeMbix: 

EcjIH yMHO>KHTb ( 12.121 ) Ha Hj^ H HOCMOTpeTb, HpH KaKHX OrpaHHHeHHflX MJiafl- 

mne Hjienbi aHTHCHMMeTpHHHoii MacTH H^^bHl^^ BbipajKaiOTca TOjibKO nepes 
MaTpHu,y H ee HponsBOflHbie (b MeTbipexjiHHeiiHOM BH^e), to OKa^KeTca, 

HTO flJI5I 9TOrO flOJI>KHbI BbIHOJIH5ITbC5I C00TH0meHH5I 

r = 1 — 3(7 = — ai, a2 = = 0. 

CpeflH HpeflCTaBjieHHbix b § 1.3 coBMecTHbix CHCTeM flaHHbie 'ycjiOBH5i hojih- 
jiHHeiiHOCTH' BbiHOjiH5iiOTC5i jiHHib flji5i oflHOHapaMeTpHMecKoro Kjiacca ypaB- 
HeHHH D ( 11.321 ) (xjiacc A ( 11.281 ) nepeceKaeTca c KjiaccoM D b Tonxe a = — r = 
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1/2), KOTopbie B ( 12.121 ) npHHHMaiOT S-jiHHeiiHbiH (no aHajiornH c GnjiHHeHHbiM 

BHflOM XHpOTbl) BHfl 

(iV,W - 2^M)^r)^, + (1 - 2a) (2//fq„,5] - KtCb) = 0, (2.13) 

HanoMHHM, MTO BapnaHTy cr = 1/3 b (11.321) (h b (12.131) ) OTBenaeT onmuMaAh- 
Hoe ypaBHeHHe, o6cy>KflaBmeec5i b nepBoii rjiaBe. 

Peryji5ipH0CTb h coBMecTHOCTb ypaBHeHHii (12.131) coxpaH5ieTC5i h flji5i bbi- 
po>KfleHHbix (ho KOHeHHbix) MaTpHu, , ecjiH rankHa^Ha'^ > 2; TO ecTb 
MO>KHO CTpoHTb 4)opMajibHoe pemeHHe b BH^e p^fla, HaMHHaa c Bbipo>KfleHHOH 

MaTpHLI,bI Ha^{xQ). 

TaKHM o6pa30M, KOHTpa-CHHryjiapHOCTH flji5i CHCTeM ypaBHeHHH Kjiacca D 
(11.321) . B TOM MHCJie onTHMajibHoro ypaBHeHHH (11.471) Eq.A^ OKasbmaiOTCfl 
'cjia6biMH', Torfla xax flji5i ocTajibHbix CHCTeM All (h flji5i BapnanTa Eq.B, cm. 
§2.2) HMeeT mccto cjiynafi 'cHjibHbix' K0HTpa-CHHryji5ipH0CTeH. 

MTo6bi HpofleMOHCTpnpoBaTb flji5i ypaBHeHHii (12.131) cyn],ecTBOBaHHe pe- 

HieHHH C B03HHKaiOn],HMH KOHTpa-CHHryjI5ipHOCT5IMH (c laiikHa^ = 2), flOCTa- 

TOHHO paccMOTpeTb cjiynaii c(|)epHHecKOH chmmctphh, hto 6yfleT cflejiano b 

KOHLI,e 9T0H TJiaBbl. OTJIHHHe TpHJIHHeHHblX ypaBHeHHH OT OCTajIbHblX MO>KHO 

cpaBHHTb c pasjiHHHeM o6biKHOBeHHbix flH(|)(|)epeHLi,HajibHbix ypaBHeHHii: 

1) ip' = ip; 2) if' = -l/ip 

(sHaneHHe (p = cooTBeTCTByeT SHaneHHiiM lankHa^ < n — npn stom rjiaBnaa 
HacTb 0CTaeTC5i peryjiiipnoii. PemeHHe nepBoro, jinneiiHoro ypaBHeHHii cyn],e- 
CTByeT flji5i Bcex snaneHHii nesaBHCHMoii nepeMennoii, a BToporo — ne fljia 
Bcex. 
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2.4 Mepa pemeHHH c po:ac/i,aioiii,HMHCH KOHxpa- 
CHHryjiapHOCTSMH H pa3MepHOCTb npocTpancTBa 

BosMOJKHOCTb nocTpoeHHfl 4)opMajibHbix pemeHHH c (K0HTpa-)cHHryji5ip- 
HOCTbK) (necoMHeHHaH p^jisi cjiynaa 'cjia6bix' CHHryji5ipH0CTeH) MO>KeT, oflnaKO, 
en],e ne rapanTHpoBaTb bosmojkhoctb hx poomdenuM b o6ui^eM pemeHHH. 

2 

Ha MHO>KecTBe KBaflpaTHbix MaTpHu, M =Mat(n • n) = R" BbiflejiaiOT- 
C5I noflMHO>KecTBa Mi MaTpnu, Kopanra i [Mq = GL{n)). PasMepHOCTb sthx 
HOflnpocTpaHCTB onpefleji5ieTC5i Bbipa>KeHHeM (cm., HanpHMep, |24| ) 

0/ \ 

dimMj = n — i (hjih codimMi = i )■ 

Uojie Ha^{x) (pemeHHe 3-jiHHeHHbix ypaBHeHHii ( 12.131 )). HMeK)m,ee b o6jiacTH 
npocTpaHCTBa t/" C BJ^ TOMKy xq CHHryji5ipH0CTH Kopanra i b o6iu,eM cjiy- 
nae (pemenne b o6m,eM HOJio>KeHHH) 6yfleT HMexb neKOTopoe MHO>KecTBO S 
CHHryji5ipHbix ToneK (noeepxHOcmt cumyAfipHOcmeu): 

H{x) : U"" ^ M; E = Ei U • • • U E„ r^e E^- = H-\Mj). (2.14) 

J^Jisi 6ojibmHHCTBa OTo6pa>KeHHH (12.141) (p^Jisi pemeHHH b o6m,eM HOJio^KenHn) 
o6pa3 OTo6pa>KeHH5i H{U^) C M HepeceKaexcii c HOflMHOJKecTBaMH (cTpaxa- 
mh) Mi mpaHceepcaAhHo (cm. [24J); nepBbie npoHSBOflHbie H' HHKaK He orpa- 
HHMHBaiOTC5i, TaK KaK ypaBHeHH5i noji5i — BToporo nop5iflKa). IlosTOMy fljia 
pasMepHOCTefi npocTpancTB Ej cjieflyiOT paBencTBa 

dimEj = n — i'^ (hjih codimEj = codimMj); 

OTpHu,aTejibHOCTb pasMepHOCTH osHanaeT nycTOTy MHO^KecTBa (T.e. HeB03M0>K- 
HOCTb H05iBjieHH5i TaKHx CHHryji5ipH0CTeH — 6ojibmoro Kopanra — b o6m,eM 
pemennn). IIohhtho, hto flocTaxoHHO paccMOTpeTb B03M0>KH0CTb po>KfleHH5i 
CHHryjiHpHOCTeft Kopanra eflHHHu,a. IlpHHeM nyjieBoft Hjien CHHryji5ipHoro pocT- 
Ka (Aa^) MO>KHO jieBO-HpaBbiM Hpeo6pa30BaHHeM npHBecTH K flHaronajibHOMy 
BHfly: 

///(x) = Aa^ x^; A/ = diag(l, . . . , 1, 0); 
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L-BCKTop Ca, aHHyjiHpyromHii Aa^, npocTpaHCTBeHHO-noflo6eH — Torfla co- 
xpaH5ieTC5i rHnepGojiHHecKHii thh ypaBHeHHfl (nMeiOTCfl xapaKTepncTHHecKHe, 
TOMHee CHCTaTHMecKHe |23| . KOBeKTopbi). 

9th coo6pa>KeHH5i o MHO>KecTBe CHHryji5ipHt.ix TOMCK HenpHMeHHMbi, no- 
BHflHMOMy, B cjiy^ae cuAhHUX CHHryjiflpHOCTeft, ho nac 6yfleT HHTepecoBaTb 
TOJiBKO Eq.A, CM. (jllZD, (Eig). 

npeflCTaBJi5ieTC5i, hto na MHO>KecTBe CHHryji5ipHt.ix pocTKOB nyjKHO Bbi^e- 

JIHTb nOflMHO>KeCTBO 'onaCHblx' pOCTKOB C pODicdaiOlU^eUCH CHHryjI5ipH0CTbK), 
flJI5I KOTOpblX B HeKOTOpOii OKpeCTHOCTH (tOMKH pa3JIO>KeHH5I B p5Ifl) Bbl- 

nOJIH5IIOTC5I flBa yCJI0BH5i: 

1. noeepxHocmh cumyAMpHocmeu Ei, onpeflejifieMaa ycjiOBHeM 

H ' = 0, T.e. dH ' = ^^dx^ = 0, = H-^H\Ha\,, 

npocTpancTBeHHO-nofloGna hjih, b KpaftneM cjiy^ae CBeTO-nofloGna (mo>kho bbi- 
6paTb noBepxHOCTb Koluh, KaK yroflno 6jiH3Kyio hjih KacaK)n],yioc5i Ei b oflHoft 
TOHKe); 

2. Mo:>KHO Bbi6paTb KOopflHHaTbi B Tax, MTO Ha EiPlt/" 5^00 < hjih 5^00 ^ 

(t.c. x^ — BpeMCHHafl KOOpflHHaTa). 

SaTCM Hy>KHO OH,eHHTb 'KOJIHHeCTBO', MCpy 'onaCHblx' pOCTKOB Ha MHO>KeCTBe 
BCeX CHHryjI5ipHbIX pOCTKOB. 

CnjibHbie ycjiOBH5i ^^^i^g^'^ , goo < mo>kho BbmojiHHTb, ne yMenbrnafi ko- 
jiHMecTBa, Mepbi poctkob (flocTaTOMHO orpaHH^eHHii Tnna HepaBencTB), npn 
J11060M n, KpoMe 'oKOJiOKpHTHMecKHx' pasMepHOCTeii n = 3 h n = 5. 

PaccMOTpHM cjiynaH n = 3 flji5i Bapnanxa Eq.A, Korfla = (4 — n)^^ = 1 
{a = 1/3, no = 4). IloflCTaBHB p = 1 b ( 12.111) . bh^hm, mto D-CKaji5ipbi Aabc 

0CTaK)TC5I KOHeHHblMH HpH BbipO^KfleHHH MaTpHLI,bI Ha^'. 

^abc = 2 (i7 ^Ha^^H\p Hcf' + r]a[bHcfH ^W^xUd^^j^j , 
— KpOMe CaMOH ClOfla BX0fl5IT ee MHHOpbl H^^H'^fj^. IlpHHeM HaCTb 3THX 

i?-CKaji5ipoB B 'cHHryji5ipHOCT5ix' o6paii],aeTC5i b iiyjib, TaK^Ke KaK i?-CKaji5ipbi 
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cjieflyiomHx nopflflKOB flH4)4)epeHLi,HpoBaHH5i: 

^abc4 = ^abc,^iH ^H/ {ha^ = H ^H/). 

5IcH0 no3TOMy, mto npn n = 3 na E Bce HHBapHaHTbi (THna ^abc4^abc,d) ko- 
HeMHbi H, 6ojiee Toro, (xpoMe HHBapHanTOB A^) paBHbi nyjiio, Mero, Ka>KeTC5i, 
He Mo:>KeT 6biTb b o6iu^eM pemeHHH, ecjin E npocTpaHCTBeHHO-noflo6Ha. 

06'B5ICH5ieT TaKyK) CHTyaLI,HIO H HCKJIIOMHTejIbHOCTb n = 3 TO, MTO Ha HO- 

BepxHOCTH 'cHHryji5ipH0CTeH' (ocoGeHHOCTefi) S (rfle penep /ia'^ = H^^HJ^ 
npocTO paBCH nyjiio) He cyn],ecTByeT npocTpaHCTBeHHO-noflo6Horo KOBexTopa 
— Bce KOBeKTopbi CBeTO-noflo6Hbi. IloBepxHOCTb E Bcerfla CBeTO-nofloGna h 
cjia6oe ycjiOBHe ^^^vQ^^ < BbinojiHeno, Kax h BTopoe: 5^00 < ((/oo ^ —00). 

Hy^KCH flonojiHHTejibHbiH anajiHS aKTyajibHOCTH o6cy>KflaeMbix oco6eHHO- 
CTeft (npH n = 3), hjih, ne HCKjiiOMeHO, hx 'He4)H3HMHOCTH', bo3mo>khocth hx 
ycTpaneHHii nocpeflCTBOM HeflH4)4)eoMop4)Horo KOopflnnaTHoro npeoGpasoBa- 
HH5I, HO BapnaHT n = 3 y»:e OTBeprnyT b §2.2 ns-sa flpyrnx CHHryjiiipHOCTeii. 

BTopoii oco6biH cjiyMait — pasMepnocTb n = 5, Kor^a, Hao6opoT, KO-penep 
/i"^ 0CTaeTC5i KOHeMHbiM Ha CHHryji5ipH0CTH, Tax KaK coBnaflaeT c MHHopoM 
'paGoMeft' MaTpHH,bi Ha^ (cm. (12.101) ): 

P = (4 - n)-i = -1, /i% = \\H,'\\H\ ^ diag(0, . . . , 0, 1). 

B 9T0M cjiy^ae na noBepxHOCTH E hot BpeMeHH-nofloGnoro BexTopa, Tax mto 
Hejib35i Bbi6paTb napaMCTp 9bojiioli,hh, KOTopbifi 6bi nrpaji pojib BpeMCHH. Tom- 
Hee, cjia6oe ycjiOBHe 5^00 = mojkct 6biTb BbinojiHeHO b oflHoii TOMxe noBepx- 

HOCTH E (tOMKC pa3JIO>KeHH5I B p5Ifl, HanpHMCp), HO MT06bI OHO BbinOJIH5IJIOCb B 
OKpeCTHOCTH EiPlf/", Ha K03(J)(J)HLI,HeHTbI pflfla (cHHryjI5ipHbIH POCTOk) flOJIJK- 

Hbi 6biTb Hajio>KeHbi onpeflejieHHbie orpanHMeHHa, nocKOJibKy CBexoBbie bck- 
Topa o6pa3yK)T (na E) noflMHO>KecTBO KopasMepnocTH oflHH (hjih Mepbi nyjib); 
3T0 yMCHbHiaeT Mepy 'onacHbix' pocTKOB flo nyjia. 

HTaK, poDfcdenue KOHTpa-CHHryjiapHOCTH b oGm^eu pemeHHH, ee noiiBjienne 
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KaK peayjibTaT pemeHHii aafla^H Komn , npeflCTaBjiaeTCfl npn n = 3 comhh- 
TejibHbiM, a npH n = 5 — HeB03Mo:»<;HbiM (b oahom cjiynae 'ncnesaeT' noBepx- 
HOCTb KoniH, B flpyroM — BpeMeHHaa KOopflnnaTa). HnTepecHO, hto b cjiynae 

c4)epHMeCK0H CHMMeTpHH B03M0>KH0 pOJKfleHHe KOHTpa-CHHryjIflpHOCTeft KO- 

panra n — 2, T.e. npn n = 3 sto paflOBbie oco6eHHOCTH Kopanra OflHH, a npn 
n = 5 — 'peflKHe', Kopanra Tpn (fljia hhx Bce KacaTejibHoe npocTpancTBO co- 
CTOHT H3 CBeTOBbix BCKTopoB, TaK MTO 'iviexaHHSM no/i,aB jieHHfl ' He paGoTaex). 

B cjieflyiomeH rjiaBe (KaHecTBeHHbift, 'TonojiorHHecKHii' aHajiHS MHo:»<;e- 
CTBa pemeHHH All) ocHOBHoe BHHMaHHe 6yfleT yflejieHO cjiynaio pasMepHOCTH 
npocTpaHCTBa-BpeMeHH n = 5. 

B 3aKjiK)HeHHe otmcthm, hto rpynna flH4)4)eoMop4)H3MOB fleftcTByeT na 
CHHryjiapHOM pocTKe He94)4)eKTHBHO. Ko94)4)HLi,HeHTbi KOopflHHaTHoro npe- 
o6pa30BaHH5i y^\x^) = ayX^ (F — MyjibTHHHfleKc) 'nepc/i,aK)TC5i' nepes bm- 
pojKfleHHyio MaTpHLi,y AJ^ — HyjieBoii mjich CHHryjiapHoro pocTxa. He hckjik)- 
Heno, HTO KOHTpa-CHHryjiapHbie pocTKH pemeHHii (npn n = 3 h n = 5) hmciot 
pacmnpeHHyio rpynny CHMMeTpHH, BKjiiOHaiomyK) KOopflHHaTHbie npeoGpaso- 
BaHHa, OTjiHHHbie OT flH4)4)eoMop4)H3MOB — cuHg'L/AMpHue npeo6pa30BaHHfl 
(saBHcamne, no-BH^HMOMy, ot CHHryjiapHoro pocTKa pemeHHJi, npeoGpasyio- 
mHe oco6biM o6pa30M noBepxHOCTb CHHryjiapHOCTeft S). 



^''KoTopaa MO>KeT 6biTfa nocTasjieHa nocjie (JjHKcaiiHH KOopflHHaTHoro npoHSsojia, KajinSpoBKH, — na 
HecHHryjiflpHbix pocTKax pemeHHii 
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2.5 C<J)epHHecKaa CHMMexpna; npHMepbi pemeHHii 

C BOSHHKaiOmHMH KOHTpa-CHHryjiapHOCTSMH 

C(J)epHMecKH-CHMMeTpHMHoe nojie If'^ mo>kho aanHcaxb (4)HKCHpy5i rjio- 
6ajibHbiH noBopoT h3 ( 11.21) ) b cjieflyiomeM BH^e (cm. [2H EDI El; hi = 
l,...,n-l): 

/ a brii \ 1 / e —crij 

\cni efiifij + dAij J ^ \ — hrii afiifij + ^A^j 

rfle K = ae — be, = = x'^ /x — eflHHHHHbiii BCKTop no paflnycy; 

= dij — riiTij — TCHSop, opToroHajibHbiii n^, A^j = k = n — 2 [riij = Aij/x); 
a, . . . ,e — rjiaflKHe 4)yHKLi,HH ot paflnyca h BpeMeHH t = x*^ (a, d,e — neTHbie, 
a 6 H c — He^eTHbie (J)yHKLi,HH no pa^nycy x). ^jih nojia (12.151) . oneBHflno, 
5*^;^;^ = (ne H3 nero nocTponxb KOCOCHMMeTpnnecKnn Tenaop), CTajio 6biTb 
TOK B ypaBnennn MaKcnejiJia (11.461) (fljifl Eq.A (11.471) ) xax^Ke paBen nyjiio, 
n ono flaex flBa ypaBnenna fljia KOMnonenxbi w = hf^^rii (fij = 0), KOTopbie 
jierKO nnTerpnpyiOTCfi: 

[hf^'')^^ = 0; {wn^)^^ = w' + wk/x = 0, w = 0; w = Cx'^. 

TonKOH o6o3nanaeM flH4)4)epenu,HpoBanne no npeMenn, a mxpnxoM — no pa- 
flnycy. 51cno, nTO C 7^ oananaeT, na caMOM flejie, floGanjienne b sjiexTpoMar- 
nHTnbiii tok ^-ncTonnnKa; nTo6bi ne MOflH(|)Hu,npoBaTb ypaBnenna, Bbi6epeM 
C = 0. Torfla npocTO HMeeM f^^, = ( fljia ypannennn Kjiacca D (11.321) 3to 
cpasy cjieflyeT ns anTHCHMMeTpHMHoro ypaBHennfi, ecjin a 7^ 1/3). YMHTbiBafi 
5 = 0, / = 0, M05KH0 npeflCTasHTb ypaBHeHH5i D cjieflyion],HM oGpasoM: 

{hLD^. = (1 - 2a)hLr^.. Hjin = {hil^^^-^Lr),. = 0. (2.16) 

Sflecb Lay^y = ^a^w ~ '2o'ha[^^i>] H BBCfleno o6o3nanenne: = ip^^/ip. Ypan- 
nenn5i Eq = Eq = nnTerpnpyiOTCfl Tax >Ke, KaK npeflbiflyn],He (ypanne- 
nne MaKCBejijia); BbiGnpafi KoncTanTy HHTerpnpoBaHHfi ns Tpe6oBaHH5i ot- 
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cyTCTBH5i (5(a:)-MjieHa, nojiy^aeM: 

Lm = Lq^^ = {Loij = 0) . 

rioflMepKHBaiOTCii HHfleKCbi "jiaTHHCKoro npoHcxo>KfleHH5i"($o 7^ ^o)- 

5Ibho c4)epHMecKH-CHMMeTpHMHa5i 4)opMa f l2.15f l flonycKaeT KoopflHnaTHbie 
saMeHbi cjieflyiomero BHfla: 

X* = X{x, t), f = T{x, t), n\ = n,. (2.17) 

Bbi6epeM CHCTeMy KOopflHnaT, to cctb (J)HKCHpyeM ocTaBniHftcH KOopflHnaT- 
Hbift npoHSBOJi, nojio>KHB 6 = c = 0. 9th orpaHHMeHHfl npHB0fl5iT K ypaBHe- 
HH5IM nepBoro nop^flKa fljia T, X, T.e. ocTaeTC5i eme CBo6ofla Bt.i6opa flByx 
4)yHKLi,HH oflHoro nepeMeHHoro ("HanajibKbix flaHHbix"); b flajibHeiimeM no- 
Haflo6HTC5i Bbi6paTb (xaK pas) flBe 4)yHKLi,HH HHTerpnpoBaHHfl, h 3to 6yfleT 
cflejiaHO H3 coo6pa>KeHHH yflo6cTBa h y^eTa rpaHycjiOBHs: 

}f (5^ npH X ^ oo . 

Otmcthm, mto KOMnoneHTa d npeoGpasyeTca neaaBHCHMo: d^ = dx/x*^ h, 
flonycTHM, ycjiOBHe d* = 1 oflHOSHaMHO onpefleji5ieT X{x,t). 

J\ji^ Aa^i^ H nojiyMHM Bbipa>KeHH5i (cm. (11.31) . ( 12.151) : 6 = c = 0): 

d — 6 

Aooi = -a'^i, Azjo = en^rij + (iA^^, A^j-fc = {d' H )2Ai[jnfc]; (2.18) 

oc 

a' d' d - e 

$0 = h^KjO = e/e + kd/d, $,n, = - + /c(- + ^^). (2.19) 

HHTerpHpysi ypaBHeHne (cm. ( 12.161) ) $o = '^/i^, nojiy^HM i/j = ed^. Tenepb 
HHTerpnpyeM ypaBHeHHe Looi = 0, yMHTbiBa5i ( 12.181) h ( 12.161) ($ = ^''): 

Loo^n^ = -a + aa?/''/?/^ = 0, a = = e^d^". (2.20) 

BbinHLueM ocTajibHbie KOMnoneHTbi Tensopa La^y (Hcnojibsya cr$^ = a^^/a): 

LjjQ = (e — ed/a)ninj + {d — dd/a)Aij , 
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Lijjk = {d! + - — - - —){Aijnk - AikUj) , 
X a 

a saxeM nepeftfleM k KOMnoneHTaM (KOHTpaBapHaHTHbiM, cm. f l2.16l) -( r2.2ni) ) 

a^L,^° = an.rij + /3A,j, a^U^^ = {a[3{a - [5)/x- a V}2A,[^-nfc] (2.21) 

Sflecb BBefleHbi HOBbie nepeMeHHbie a = a/ e = d^'^e'^^^, [3 = a/d. SaMena 
e^d ^ (3 (neoGpaTHMaH npn k = 1/a —1) OTBe^aeT saMene ( 12.101} (yxajKeM 

SaOflHO H KOMnOHeHTbl MexpHKH g^^)\ 

VO aniiij+PAij J \ niJij/e^+Aij/d^ 

IloflCTaBHB (12.211) B (12.161) . aannmeM ypaBnenHe EjuiUj = 0: 

{a^Lr^%,njy - (a^V^)n,,fcn^- = a + {aP{a - P)/x- a^(3')k/x = 0. (2.22) 

YpaBHeHHe = CB0flHTC5i k ypaBHeHHK) /o^ = 0, T.e. yme y^TeHO. Haflo 
jiHinb He 3a6biTb, mto ^iJii = V^V"^; ~ ^to flaeT npocToe ypaBHCHHe cb5I3h (5 = 
(3{x^ a, a') (cm. (12.191) ). h nocjie ero noflCTanoBKH b (12.221) mo>kho b pesyjibTaTe 
nojiy^HTb (/c > 0): 

a = a^a" + aa'^ /k +(/;; + 2)0^0.' /x ; = a + xol jk . (2.23) 

YpaBHeHHe EfAij = corjiacyeTC5i c CHCTeMoii (12.231) (cjie^CTBHe HajiHHHii 
TO»;flecTBa) . 

Saflana Kohih b Bbi6paHH0H CHCTeMe KOopflnnaT CB0flHTC5i k pemeHHio ofl- 
Horo ypaBHeHHfl BToporo nopaflKa; b Ka^ecTBe Ha^ajibKbix flannbix Hy>KHO 
saflaTb MeTHbie 4)yHKi],HH ao{x) > h aQ(x). Mojkho hx aaflaxb Tax, mto 
Po{x) KacaeTCfl nyjia b TOMKe xi > 0, ho (3{x^t) > npn t < {ao, Po < 
OKOJio xi). HanpHMep: 

Po{x) = 1 - 3x^7(2 + x^^), /3o(l) = 0; aoix) = x'^ J po{x) dx^ > 0. 

B TOHKe X = xi, t = 6yfleT CHHryjiapHOCTb, t.k. /3 = 0, a npn t > 
H05iBji5ieTC5i o6jiacTb, rfle /3 OTpHu,aTejibHO. 
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EcjiH flonycKaTb b HaMajibHbix flaHHbix HajiHHne o6jiacTH c < 0, to uowi- 
HO saflaTb Hx Tax, mto ao{x) KacaeTC5i Hyji5i b oflHoft tomkc (x2; npn 3tom /Sq 
MeH5ieT 3HaK), a npn t > no5iBji5ieTC5i o6jiacTb, r^e a < (ecjiH chq < 
OKOJTO X2)- To ecTb B03M0>KHbi Bce BapHaHTbi 3HaK0B a u [3 , a TaK>Ke cjiy- 
MaH r = n — 1 {a = 0,Pj^O),r = 2 [a ^0,P = 0)ii fla>Ke r = 1 
(of = /5 = 0), X0T5I nocjieflHHH cjiyMaft HeB03M0>KeH b o6iii,eM pemenHH; ecjiH 
nojiojKHTb = (1, 0, . . . , 0), to Ha^ = diag(l, a, . . . , r = TankHa^. 
ToMKH c a = HJIH /3 = CHHryji5ipHbi npn n > uq — o6paiii,aeTC5i b 6ecK0- 
HCMHOCTb i?-CKaji5ipHbie BejiHMHHbi THHa $o (o^, 7^ 0): 

^Q_= -p/(j{a/ a + kp/ (3)0^13^^] p={no-n)~'^, no = 1 + cr"^ 

B cjiy^ae cr = 1/3 (no = 4) b o6jiacTH a < fljia nojia /ia^ hot BemecTBennbix 
pemeHHH npn neTHbix n: a = {a(3^)^P (e = a/a, d = a/ (3). Jlio6oHbiTHO, hto 
HOTepa Ben],ecTBeHHOCTH (Korfla a < hjih < 0) nponcxoflHT npn jik)6om 
HaTypajibHOM n, ecjin a HppaLi,HOHajibHo! 

Bonpoc o TOM, B03M0>KHbi jiH flpyTHe THHbi CHHryji5ipH0CTeH B o6ui,eM 
c(J)epHMecKH-CHMMeTpHMHOM pemeHHH, 5iBji5ieTC5i nenpocTbiM. Hy>KHO paccMaT- 

pHBaTb HOJIHyiO CHCTeMy ypaBHeHHH C H5ITbK) 3aBHCHMbIMH HepeMeHHblMH, 

KOBapnaHTHyio OTHOCHTejibHO ( 12.171 ). h npoBepfiTb, coxpaH5ieTC5i jih hhbojiio- 
THBHOCTb CHMBOJia (h 'npaBHjibHOCTb' 3aflaHH Komn pacmnpeHHOH CHCTeMbi, 

flOHOJineHHOH KOOp/],HHaTHbIM yCJIOBHeM) npn pa3HbIX CH0C06aX BbipO>KfleHH5I 

MaTpHn,bi (12.151) . 

2.6 ^pyroH Bbi6op KOop/],HHaT; 
KOCMOJiorHHecKoe pemeHne 

Hpn Bbi6ope ycjiOBHii b = 0, e = d mojkho npoBecTH HOxo>KHe HHTerpnpo- 
BaHH5i |41| H HOJiyHHTb CHCTeMy KBa3HJiHHeHHbix ypaBHeHHH nepBoro HopHflKa: 

A = AB' - BA' ^kAB/x , B' = AA' - BB' - {k - 1)B'^ / x , (2.24) 
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(1 Bn \ 
j^-<j/{i+ct) A = a/e = eW(i-^)-i B = -c/e. 
A6,J ' ' ' ' 

Sflecb B Ka^ecTBe HaMajibHbix flaHHbix Haflo sa^aTb MeTHyio nojio^KHTejibHyio 

4)yHKLi,HK) ^0(2^) (^0 ~^ 1 npH X 00) H HeMeTHyio Bq{x). J\ji5i ypaBHeHHH 

( 12.241 ) He cymecTByeT CTaLi,HOHapHbix pemenHft (ne CBHsanHbix c flo6aBjieHHeM 

nocTopoHHero ^-Hjiena), KpoMe xpHBHajibHoro ^4 = 1, 5 = (hjih a = jS = 

1 flji5i ( 12.231) ). B pemeHH5ix CHCxeMbi ( 12.241) sa (KoneHHoe BpeMH ne mo^kct 

BOSHHKHyTb CHHryjIflpHOCTb (l/^, 1/5 HJIH ^4 ^ 0). 

riepBoe ypaBHenne ( 12.241) CB0flHTC5i k saKony coxpaHeHHa: 

[x^/Ay = -{x^B/A)' , 

Tax MTO MO>KHO BBCCTH jiarpaH>KeBy HepeMeHHyio y{x^ t) (cm. [38]; Xy = dx/dy) 

dy = x^ /Adx - x^B /Adt] dx = Ax~^ dy + B dt, B = x, A = x^Xy. 

rioflCTaBHB ^4, B, B'{x^t) = x — Xyx/xy, B' = Xy/xy, A' bo BTopoe ypaBHenne 
( 12.241) . HOJiyHHM Hocjie saMenbi z = x^: z = z^Zyy + zz^/k (cm. ( 12.231) ): 



npn k = 1 cyn],ecTByeT jiarpaH>KHaH C = z — z Zy, a fljia ( 12.231) — C = 
{dp' — a'^a''^)x'^. 

nepeiiflfl k HHBapnaHTaM u = ^4 + 5, v = A — B^ jierKO noKasaTb, hto 
CHCTeMa ( 12.241) othochtch k cjiaGo-HejiHHeiiHOMy Tnny (w + -u = 2^4 > 0) 

ii = vu' + ^^{u' - v') - ^{u - vf ^ ^^^^^^ 

T. e. B ee pemeHH5ix OTcyTCTBycT rpaflHCHTHafl KaTacTpocj^a [38] • YKopoMeH- 
Ha5i CHCTCMa ( 12.251) — 6e3 mjichob ~ l/x — hmcct GecKoneMHO MHoro saKonoB 
coxpaHeHHfl H nojiHOCTbio HHTerpHpycTCfl, nanpHMcp, npeoGpaaoBaHHCM roflo- 
rpa4)a, jih6o nepexoflOM k jiarpaH>KeBOH KOopflHnaTe. PemenHe (ocTpoBHoe) 
npHHHMaeT nepes KOHCMHoe BpeM5i bha flByx oflHHOMHbix bojih, 6eryiii,Hx no x 
— oflHa HanpaBO, flpyra5i HajiCBO — co CKopocTbio eflHHHLi,a h hc MeH5iioiii,Hx 
CBOK) (|)opMy; BBHfly CHMMCTpHH v{x) = u{—x) flocTaTOMHO paccMaTpHBaTb 
OflHy ■y-BOjiHy (rfle u = 1), GerymyK) HanpaBO. 
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Mjiaflinne HjieHbi ~ 1/x HSMeHiiiOT, kohcmho, 4)opMy bojihbi (b t'-BOjiHe 
nojiBjiJieTca BKjiafl u-KOMnoHeHTbi) h saMefljiJiiOT, no-BH^HMOMy, flBH:aceHHe v- 
BOJiHbi (cepeflHHbi rop6a) — yBejinneHHe CKopocTH npHBOflHJio 6bi k rpaflH- 
eHTHOH KaTacTpo4)e. HpeflCTaBJifleTCfl, hto na Gojibinnx CTaflHsx pacmnpeHHa 
BjiHflHHe MjiafliiiHx HjienoB neBejiHKO, h pemeHHe mo>kho oxapaKTepHSOBaTb 
HecKOJibKHMH napaMCTpaMH: i? ~ t — paflnyc pacmHpeHH5i; Ana — mnpHHa 
H BbicoTa 'rop6a'; 7^1 — peji5iTHBHCTCKHH (|)aKTop; Ana o^eHb MefljieHHO 
(no cpaBHeHHK) c i? h 7) MeH5iiOTC5i CO BpeMeneM h MoryT nrpaTb pojib '4)yH- 
flaMeHTajibHbix nocTOJiHHbix'. J\ji^ aMnjiHTyflbi 'npHMecHoft' w— KOMnoHeHTbi 
(b o6jiacTH i'— rop6a) h pejisTHBHCTCKoro 4)aKTopa 7 B03Mo:acHbi OLi,eHKH: 

Aw = w-1 a\/R] 7 ~ 1/Vl - w2 ~ ^jR/iaX) - 

B CHCTeMe KOopflnnaT, flBH^Kymeftca BMecTe c 'rop6oM', xapaKTepHbiii pasMep 
MO>KeT 6biTb flocTaTOHHO GojibLUHM (> lO^'^cm). 

Ka:aceTC5i, hto c4)epHHecKH-CHMMeTpHHHoe pemeHne (bbicoKaa CHMMeTpna 
Mo:»<;eT cnoco6cTBOBaTb ycToiiHHBOCTH pemeHHJi) chocoGho cocTaBHTb ocHOBy 
HHTepecHOH KOCMOjiorHHecKOH MOflejiH — pacLUHpaiomerocfl (yjibTpapeji5iTH- 
BHCTCKoro) 'KOCMOJiorHHecKoro BOJiHOBOfla' — H peniHTb npo6jieMy peflyKLi,HH 
flonojiHHTejibHoro ('peji5iTHBHCTCKoro') npocTpancTBeHHoro HSMepenHa. 

Bojiee peajiHCTHHHa^i MOflejib flOJiJKna co/i,ep>KaTb ciii,c oflHH KOCMOJiorn- 
necKHii (TOTajibHbiii) oGtdCkt — cjia6bie CTOxacTHHecKne bojikbi (pejiHKTOBbiii 
myM, 'nyjieBbie KOJie6aHH5i'), sanojiHaiomHe bojihoboa h npHineflniHe b pesyjib- 

TaTe 9B0JIK)LI,HH K CHMMeTpHHHOMy 'TepMajIHSOBaHHOMy ' C0CT05IHHK), JlopeHD,- 

HHBapnaHTHOMy (no KacaTejibHbiM KOopflnnaTaM, o6biHHOMy npocTpancTBy) 
Ha nacTOTax, MeHbinnx hcm rpaHHLi,a cneKTpa myMOB Uq; mo:»<;ho npeflnojia- 
raTb, HTO l/cJo ~ Ao < A. K jTKe HMeiomHMca KOCMOjiorHnecKHM napaMCT- 
paM flo6aBJiaiOTC5i napaMCTpbi, saflaiomHe aMnjiHTyflbi myMa (bh^hmo, cjie- 
flyeT pasjiHHaTb aMnjiHTy^y sjieKTpoMarHHTHoii KOMnoneHTbi CLf n 'o6iii,yio' 
aMnjiHTyfly ao, a/ << flo)- 
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JXjI^I KOCMOJIOrHMeCKOrO (BOJIHOBOflHOro) pemeHHfl Sabc = 0, fab = (h 

J oc Sf = 0; BKjiafl ot myMa, ycpeflHeHHbift Ha MacmTa6e ~ l/<^05 TSiKTKe 
paBen nyjiio), nosTOMy fljia 'BOSMymeHHfl', pacnpocTpaHaiomeroca no bojiho- 
BOfly, sjieKTpoMarHHTHbiH TOK 6yfleT KBaflpaTHnen no BOSMyn^ennio (oTcyT- 
CTByeT jinneiinbiH BKJiafl ot 'BOJinoBOfla-TepMOCTaTa', n b stom CMbicjie on 
nena6jiioflaeM). 

ripn 6ojibmoH aMnjiHTyfle ao Ka^KeTca neB03M0>Knt>iM BbiflejiflTb Kaxne-TO 
B03Myn],eHH5i (6biCTpa5i TepMajiH3an,H5i b ycjiOBnax yyKe nacTynHBrneft 'xen- 
jiOBoft CMepTn'). OflnaKO, KaK 6yfleT noKasano b cjieflyK)n],eH rjiaBe, b All 
B03Mo:acHbi pemennji, jiOKajinsoBannbie KOHc|)Hrypai],HH nojia penepoB, o6jia- 
flaion],He flncKpeTHoii HH{|)opMau,HeH — TonojiornMecKHMH aapaflaMH n KBaan- 
sapaflaMH. 
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FjiaBa 3. TonojiorHHecKne 



KBaSHCOJIHTOHbl 



B 9T0H rjiaee o6cy>KflaiOTC5i rjio6ajibHt.ie CBoficTBa ji0KajiH30BaHHt.ix koh- 
4)HrypaLi,HH noji5i h(x) — acHMnTOTH^ecKH hjiockhx pemeHHH, o6cy>KflaeT- 
C5I CTpyKTypa MHOxecTBa pemeHHH C{h"'^(x)) (MHOJKecTBa jioKajiHSOBaHHbix 
pemeHHH c TpHBHajibHbiM HOCHTejieM H0Ji5i), a TaKJKe CTpyKTypa hoamho- 
jKecTB pemeHHH, o6jiaflaK)m,Hx toh hjih hhoh CHMMeTpneft. CpeflH Bcex pe- 
meHHH 0C060 Bbifleji5iiOTC5i, oco6eHHO Ba:>KHbi ycmouHueue pemeHH5i (cym,e- 
CTByeT HecKOjibKO HeMHoro OTjiHMaiom,Hxc5i onpeflejieHHH ycTOHMHBOCTH — no 
JliinyHOBy, no JlarpaH:>Ky n flp. [S3]), h "onbiT" noKasbiBaeT, mto ycToiinHBbie 
pemeHH5i oGjia^aiOT bmcokoh CHMMeTpneii. 

Ha npocTpaHCTBeHHO-HOfloGnoH rHnepnoBepxHOCTH, na KOTopoii aaflanbi 
jiOKajiHSOBannbie HanajibHbie flannbie aaflann Komn, mojkho onpeflejiHTb, KaK 
6yfleT HH>Ke noKasano, HHBapHaHTHyio Li,ejiOHHCJieHHyio Bejinnnny — tohojio- 
THHecKHH 3ap5ifl, KOTopbiH ocTaeTCH HeHSMeHHbiM^^ . IloaTOMy MHOJKecTBO pe- 
mennii OKasbiBaeTca pasflejiennbiM na KOMnonenTbi cb5I3hocth, Ka^Kfloii kom- 
HonenTe OTBenaeT CBoe snaneHHe TonojiornnecKoro aapafla. BosHHKaeT Bonpoc 
o Bbi6ope KOMHOHeHTbi, roMOTonnnecKoro Kjiacca pemeHH5i. HnTepecHO, mto 
flji5i flByx SHaneHHH pasMepnocTH npocTpancTBa-BpeMeHH n = 3 h n = 7 
MHO>KecTBO pemeHHH coctoht jinmb h3 oflHoft KOMHoneHTbi (cjiynaft n = 7 

paCCMaTpHBajIC5I B |2Z|), ho B03M0>KH0, HTO MHOrOKOMHOneHTHOCTb MHOJKe- 

^^EcjiH TOJibKO B pemeHHH ne boshhkhyt oco6eHHOCTH, CHHryjiapnocTH, 6opb6a c kotopmmh eejiacb b 
Hpe^biflymeH rjiaBe. 
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CTBa pemeHHH HMeeT cboh npeHMymecTBa; stot Bonpoc BMecTe c BonpocoM o 
Bbi6ope TonojiorHH npocTpaHCTBa 6yfleT saTpoHyT b nocjieflHeM naparpa4)e. 
rioKa HTO MO>KHO ocTaHOBHTbca Ha cjiy^ae TpHBHajibHoii TonojiorHH KaK na 

CaMOM npOCTOM. 

^Ji5i nojieBbix K0H4)HrypaLi,Hii, o6jiaflaK)iii,Hx neKOTopbiMH CHMMeTpHAMH 
(flHCKpeTHbiMH hjih/h HenpepbiBHbiMH, Korfla cymecTByiOT BCKTopa Khjijihh- 
ra), onpe;i,eji5ieTC5i TonojiorH^ecKHH KBa3H3ap5ifl, coxpaHflK)ii],HHC5i noKa coxpa- 
HJieTCfl CHMMeTpHJi; saMaHHHBO nonbiTaTbCJi HHTepnpeTHpoBaTb ero KaK najiH- 
HHe 'HacTHLi,bi' HjiH cojiHTOHa, TOHHce KBasHCOjiHTOHa. Hy:acHO npoBecTH Kjiac- 

CH4)HKaLI,HK) B03M0:»<;HbIX CHMMeTpHH (cOCTaBJIJIJI HX H3 npOCTblX KOMHOHeHT 

THna "oTpa^KaTejibHoii" CHMMeTpHH no p H3MepeHH5iM hjih "BpamaTejibHoii" 

CHMMeTpHH HO Q H3MepeHH5IM, p, Q < n — 1), yCTaHOBHTb B03M0>KHbie "SKBHBa- 
JieHTHOCTH" HCKOTOpblX CHMMeTpHH (t.C. OflHHaKOBOCTb pa36HeHH5I Ha KOMHO- 
HCHTbl CB5I3HOCTH COOTBeTCTByiOn],HX MHOJKeCTB pemeHHIl). 3aTeM HaflJie>KHT 

Bbi6paTb HJIH yraflaTb chmmctphk) (ona flOJi»cHa 6biTb ne cjiaGoii) Kpynno- 
MacniTaGHoro, KOCMOjiornnecKoro pemeHHa (oho pfljiTKRO 6biTb ycToiiHHBbiM), 
3aflaion],ero CBoero pofla eoAuoeod, b KOTopoM MoryT ycTOHMHBO cymecTBOBaTb 
MejiK0MacmTa6Hbie B03Myn],eHH5i. HaKonen,, cjie^yeT nepenHCjiHTb Te chmmct- 
pHH, KOTopbie corjiacyiOTca c CHMMeTpneft eoAHoeoda, h na stoh ochobc ot- 

KJiaCCHc|3HI],HpOBaTb K6a3UC0.flUm0HHUe 603MyiHeHUM, B03M0:>KHLIC /1,JI5I /i,aiiiio- 

ro KOCMOJiornnecKoro pemeHHs. OKa3biBaeTC5i, b HOJieBoii Teopnn — TaKoii 
npocToii, KaK aGcojnoTHbiii HapajiJiejiH3M, — bo3mo»cho HOflBJieHne GoraToii 

KOMGnnaTOpHKH 'naCTHLI,' (KBa3HC0JIHT0H0B), BKJIK)HaK)m,eH KaK 6030HbI, TaK 

H 4)epMH0Hbi; KOTopaa K TOMy >Ke mo^kct HanoMHHaTb Ha6jiK)flaeMyio (ecjiH 

HCXOflHTb H3 TOrO, HTO JieHTOHbl (h KBapKH), BCKTOpHbie 6o30HbI (h TJIIOOHbl) 

— sjieMeHTapHbie HacTHn,bi). 
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3.1 TonojiorHHecKHH sapa/i, 
jiOKajiH30BaHHoro pemeHHa 

ByflCM npeflnojiaraTb, mto pHManoBO npocTpancTBO, onpeflejiaeMoe mct- 

pHKOft gf^jy, TOnOJIOrHMeCKH 3KBHBajieHTH0 njIOCKOMy — HOT CHHryjIflpHOCTeft, 

"pyMeK"H T.fl. riycTb 

e = 0, 1, . . . , m ; m = n - I) 

— CHCTeMa KOopflHHaT, H rnnepnoBepxHOCTb BJ^ = {x; = 0} — npocTpan- 
CTBeHHonofloGna. Haflo OTMexHTb, mto ne BC5iKa5i KOHcj^Hrypai^HH h{x) mo^kct 
npeflOCTaBjiHTb xaKHe noBepxnocTH, oflnaKO 4)H3HMecKHe K0H4)HrypaLi,HH no- 
JI51, 5iBji5iK)iii,Hec5i peiueHHeM ypaBHeHHH a6cojiK)THoro napajiJiejiHSMa flOJi^KHbi, 
no-BHflHMOMy, HMCTb (npocTpaHCTBeHHO-nofloGnbie) noBepxHOCTH KoniH. 

riojie h{x) AOKaAU3oeaHo b G R^, ecjin nocjie HeKOToporo rjio6ajib- 
Horo Aeeo2o npeo6pa30BaHH5i ( 11.21 ) oho HMeeT TpHBnajibHyio acHMHTOTHKy: 

h% = + 0(e) Ha R^XU"^, (3.1) 

rfle £ — flocTaxoMHO Majio, nanpHiviep £ = 10~^. MexpHKa (11.11) npn stom xaK- 
me jiOKajiHSOBana b o6jiacTH b CMbicjie (13.11) . Ecjih fle(|)opMHpoBaTb mct- 
pHKy g{x) Ha k TpHBHajibHOMy nceBfloeBKJiHflOBOMy BHfly, conpoBO^Kflaa 
3T0 HenpepbiBHoii fle4)opMaLi,HeH hoji5i penepoB, coxpaH5iion],eH cooTHomeHne 
(11.11) . TO B pesyjibTaTe HOjie h{x) CTaneT hojicm MaTpnii, jiopeHH,eBbix HOBopo- 
TOB cr"Q,(x) 

t tr (3.2) 

h%{x) ^ a% a%eSO{l,m). 
TaKyio fle4)opMaLi,Hio mo>kho ocyn],ecTBHTb cjieflyK)n],HM oGpasoM: 

< = h^d^'^a, (3.3) 
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rfle (P^ — CHMMexpHMHafl MaTpHLi,a, "KBaflpaTHbift KopeHb"H3 mctphkh; tom- 
Hee 

JlerKO y6eflHTbC5i, mto 

Vabfj" a(y^ (3 = laPj T.e. CT^^ G 0(1, m). 
/]^JI5I OflHOSHaMHOCTH 3HaKH Co6cTBeHHbIX 3HaMeHHH MaTpHLI,bI d 6epeM COOT- 

BeTCTByiomHMH CHrHaType mctphkh (77); ecjiH, HanpHMep, g^'^ HMeeT flnaro- 

HajIbHblH BHfl, TO 

^'^'^ = diag(-Ao,Ai,...,AJ H (i"'^ = diag(-A;/^A;/^...,A^/2). 

Torfla a\ = 6^ + 0(e) na BJ^\U'''] a\ G 50(1, m). 

JloKajiHSOBaHHoe nojie cr°Q,(a:) mo>kho fle4)opMHpoBaTb, MTo6bi ct^q, = 
Ha K^/U^. OGTjeflHHHB nepH(J)epHHHbie tomkh R^\U"^, nojiy^HM HeKOTopoe 
OTo6pa>KeHHe 5*™ 5'0(l,m). MHO>KecTBO Taxnx OTo6pa:>KeHHH pasGnBaeT- 
C5I Ha KOMHoneHTbi CB5I3HOCTH — TOMOTonHHecKHe Kjiaccbi, KOTopbie o6pa3yK)T 
rpynny, o6o3HaMaeMyio 7Tm{S0(l,m)). CymecTByeT HSBecTHoe paBeHCTBO ro- 
MOTonHMecKHx rpynn |34| 

7r„j(S'0(l, m)) = 7Tm{S0jn) ('50(1, m) « 50^) 

(rpynnbi <S'0(l,m) h (SO^ roMOTonHMecKH SKBHBajieHTHbi) . Mo>kho npofloji- 
:>KHTb flajibine fle(J)opMaLi,Hio, MTo6bi y6paTb y jiopeHLi,eBbix MaTpnu, a 6ycTbi h 
nojiyMHTb OTo6pa>KeHHe 

a: S^^SOm (xo^n, (3.4) 
rfle xq — 0TMeMeHHa5i TOMKa c(J)epbi 5*"^, cooTBeTCTByiomafl GecKoneMHO yfla- 

JieHHblM TOMKaM nOBepXHOCTH KOLUH (0T06pa>Kai0III,a5IC5I B OTMeMeHHyK) TOMKy 

rpynnbi SOm — eflnnnnnyK) MaTpHU,y 1"^). 

TaKHM oGpasoM, jiOKajinsoBannoMy nojiio h{x) mo>kho nocTaBHTb b coot- 
BCTCTBHe p{h) — 3jieMeHT roMOTonnnecKOH rpynnbi Tim{SOm). 5Icho, mto hh 
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HSMeHeHHe KOopflHHaT Ha (Haflo OTMeTHTb, HTO HHfleKCbi y MaTpHD, and 
He HMeiOT o6biMHoro o6n],eKOBapHaHTHoro CMbicjia), hh ypaBHeHH5i flBH:>KeHH5i 

(npH OTCyTCTBHH CHHryjIiipHOCTeft) He MOryT H3MeHHTb H,eJIOMHCJieHHOH BejIH- 

MHHbi (TOHOJiorHMecKoro aapflfla). IlosTOMy, ecjiH p(h) 0, 6yfleM roBopHTb, 
MTO B o6jiacTH ecTb MacTHLi,a, TonojiorHMecKHft cojihtoh. 

Oxpa^KeHHe BpeMenn i-^ —x'^ ne MeH5ieT sjieMenT oho BbisbmaeT 
npaeoe HpeoGpasoBanne hoji5i h"'^ no rpenecKOMy HHfleKcy, KOTopoe mo>kho 

COHpOBOflHTb AeeUM HeC06cTBeHHbIM rjI06ajIbHbIM HOBOpOTOM 

= r]ab {s\ e 0(1, m)) , 

HTo6bi coxpaHHTb TpHBHajibHyio acHMHTOTHKy. EcjiH 9TH Hpeo6pa30BaHH5i — 
HpaBoe H jieBoe — npHMenHTb ko BceM sjieivieHTaM fle(|)opMau,HH h{x) a{x) G 

SO mi TO HOJiyHHTCH fle(J)0pMaLI,H5I Hpeo6pa30BaHHOrO H0JI5I K'ix) K TOMy >Ke 

caMOMy KoneHHOMy nyHKTy cr(x), hto flOKasbmaeT OflnnaKOBOCTb tomotohh- 
necKoro Kjiacca. 

FpyHHbi TTmiSOm) flJi^i Bcex m > 8 Mo:>KHO ysnaTb b j5H|, Bce ohh HeTpn- 
BHajibHbi, CM. Ta6ji. 1; SHaneHHii rpynn 7rm{S0m) flJia m < 7 TaK>Ke nsBecTHbi 
H3 pa6oT MHMypbi h Toflbi [HEIIM|; ohh npHBefleHbi b Ta6ji. 2. 



Ta6jlHIl,a 1. SnaHeHna rpynn nm{SOm) flJia m > 7; i > 1. 



m 


8i 


8i + l 


8^ + 2 


8i + 3 


8i + 4 


8i + 5 


Si + 6 


8i + 7 








Za 


Z 


zi 


Z2 


Z4 


Z 



Ta6jlHIl,a 2. SnaHenna rpynn TTm{SOm) flJia m < 8. 



m 


2 


3 


4 


5 


6 


7 







Z 


^2 


Z2 





Z 



HnTepecHO, mto fljia flByx snaMeHHii m rpynna 7rm{S0m) TpHBHajibna (m = 
2,6). BecKoneHHafl rpynna (u,ejibix nnceji) Z cooTBeTCTByeT, bh^hmo, cojih- 
Tony ('HacTHLi,e') 6o30HHoro Tnna, Tor^a KaK Li,HKjiHHecKa5i rpynna BToporo 
nop5iflKa Z2 noflxoflHT fljia cojinxonoB {|)epMHonnoro Tnna. 
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3.2 A6cojiiOTHbie, OTHOCHTejibHbie h /c-a^Hbie 
roMOTonHHecKHe rpynnbi 

B 3T0M pasflejie coflep»:aTC5i Heo6xoflHMt.ie CBefleHHs MaxeMaTHMecKoro 
njiana, KOToptie 6yflyT nosflnee HcnojibsoBant.! flji5i pemeHH5i Bonpoca o tom, 
KaK Ha MHO>KecTBe jiOKajiHSOBanHbix pemenHii a6cojiiOTHoro napajiJiejiHSMa 
pacnojio>KeHt.i noflMHO>KecTBa CHMMeTpHMHbix pemenHft. 

HanaTb mo:«;ho c HecKOjibKHx onpeflejieHHH; noflpo6Hee mo>kho o6 9tom 
ysHaTb B yMe6HHKax [2Sl [2Hj (flJi^i HaMajibHoro SHaxoMCTBa noflxoflHT KHH>KKa 
|26| . a TaK>Ke 'KpaTKHft nyTeBOflHTejib fljia 4)H3hkob' [31]). 
FoMOTonHbie OTo6pa:aceHH5i. HenpepbiBHbie OTo6pa>KeHH5i (npocTpaHCTBa 
X B npocTpancTBO Y) 

f : X ^ Y -a g : X ^ Y roMOTonHbi {f ^ g)j 

ecjiH cymecTByeT nenpepbiBHoe ceMeftcTBO OTo6pa>KeHHH 

(ft : X^y, 0<t<l, TaKoe, mto (pQ = /, ipi = g. 

rioflMHO^KecTBO OTo6pa:>KeHHH, roMOTonHbix (sKBHBajieHTHbix) OTo6pa:>Ke- 
HHio /, oGpasyeT zoMomonuuecKuu kaqcc, oGosnaMaeMbiH [/]. MHO>KecTBO Bcex 
OTo6pa>KeHHH 

C(X,y) = {/: X^Y} 

pasGnBaeTCii, TaKHM oGpasoM, Ha roMOTonHHecKne Kjiaccbi, MHO>KecTBO koto- 
pbix o6o3HaHaeTC5i KaK 7r(X, Y). 

EcjiH B npocTpancTBax X, Y BbiGpaxb oraMeneHHue tohkh xq G X, t/q G 
y, TO M05KH0 BbiflejiHTb noflMHO>KecTBO Y xq, ^o) OTo6pa>KeHHH, nepeBO- 
fl5iiii,Hx xq b uq {xq i-^ uq). Ecjih npocTpancTBO X cbhsho (oflHOKOMnoneHTHo), 
TO MHO>KecTBO 7r(X, Y] xo, ^o) He saBHCHT OT Bbi6opa Xq. 

J\jm cjiynaii X = (S™ (BBHfly ero Ba>KHOCTH) HMeeTC5i cneLi,HajibHoe 060- 
SHaMeHHe: 

TTm{Y) = 7r(5'"', y; xq, yo) = 7ro(C(X, y; xq, yo)); 
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flji5i jiOKajiHSOBaHHbix nojieft (J°'b{x) : S'^ SOm (cm. ( 13.41 )) BbiflejieHHbie 
TOMKH, KaK jTKe ynoMHHajiocb, cjieflyiomHe: xq — "npocTpaHCTBeHHafi 6ec- 
KoneMHOCTb", HQ — eflHHHMHa5i MaTpHLi,a rpynnbi SOm (fibiflejieHHafl 'TOMKa' 
MHO>KecTBa C(X, y; Xq, 2/0) ~ xpHBHajibHoe OTo6pa>KeHHe X i/q). 

EcjiH Y 5iBji5ieTC5i rpynnoH, yMHO^KeHHe OTo6pa>KeHHH /a = /i • /2 onpe- 
flejiflCT rpynnoByio onepaLi,Hio b roMOTonH^ecKHx KJiaccax: [f^] = [/i] o [/2], 
T.e. MHO>KecTBO 7rTO(y) TaK>Ke 6yfleT rpynnoft, npn^eM aGejieBoft, nocKOJibKy 

'o6jiaCTH HeTpHBHajIbHOCTH' flByX 0T06pa:>KeHHH MO:>KHO OTOflBHraTb OflHy OT 

flpyroH (rpynnoBa5i onepaLi,H5i — cjio^KeHne; HyjieBoii sjieMCHT CBfisaH c Tpn- 
BHajIbHblM OTo6pa5KeHHeM). 

EcjiH A G Y R OTMe^eHa TOMxa yo G to roBop5iT o nyHKuiupoeaHHou 
nape {Y;A); map h ero rpaHHLi,a S"^ oGpasyiOT napy 5™). Ha 

MHO>KecTBe omHOCumeAhHUX ccfjepoudoe (napnbix OToGpameamm) 

^j^m+i. ^ A) {D^+' ^Y, S^^ A; xq ^ yo) 

TaK:>Ke mo:«;ho BbiflejiflTb Kjiaccbi roMOTonnHecKoii SKBHBajieHTHOCTH, MHo:>Ke- 
CTBO KOTopbix — oniHocumeA'bHaM (hjih flHaflHafi) roMOTonHHecKafi rpynna 
'^m+i{y] A) (a6ejieBa5i, ecjiH Y,A — rpynnbi). Ecjih A = {yo}^ to OTnocn- 
Tejibnaa rpynna CBOflHTca k a6coAwmHOU rpynne 7rjn+i{Y). 

riycTb Q(Y,A) — MnojKecTBO nyTen b Y (Mno>KecTBO OTo6pa»:enHH ot- 
pesKa I = {0 < t < 1} B y; ^0 = 0), nanHnaiOLLi,Hxc5i b OTMenennon Tonxe 
Xq eY (e A) m KonnaK)LLi,Hxc5i b noflnpocTpancTBe A. Tor^a 

7r^(n(y,^)) = 7r^+i(y; A) 

(oTnocHTejibna5i rpynna onpeflejiaeTCH nepes a6cojiiOTnyio; 3to panencTBO mo- 
JKCT, nao6opoT, cjiy>KHTb onpeflejienneM). J\ji5i flOKaaaTejibCTBa OTMenaiOT 3k- 
BHBajienTnocTb OTo6pa>KenHH Tnna: 

5™ ^ {(/; {1}) ^ (y; A)} ^ {S^ xI;S^x {1}) ^ {Y; A), (3.5) 
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yHHTbiBa5i xq X I,S'^ X to 1-^ HQ. HMeeT mccto (T0MHa5i) soMomonunecKaM 
nocAedoeameA'bHocm'b napu 

7Tr{A) 7Tr{Y) ^ 7Tr{Y; A) ^ 7Tr-l{A) ^ • • • , (3.6) 

nojie3Ha5i flji5i BbmHCJienHH OTHOCHTejibHoft rpynnt.1. Ecjih napa (Y] A) o6pa- 
syeT paccjioeHHe c Gaaoii B = Y/A, to 7rr{Y; A) = 7^r{B) h ( 13.61 ) coBnaflaeT c 
roMOTonHMecKOH nocjieflOBaTejibHOCTbio paccjioeHH5i [23 EH] • 

HsBecTHbi eme 6ojiee o6iii,He — mpuadnue roMOTonHMecKne rpynnbi [2HI 
[2Z|. Bojiee Toro, nepexofl ot OTHOCHTejibHoii rpynnbi k Tpnaflnoii [2Z| uom- 
HO pacnpocTpaHHTb flajibme, onpeflejiHB /c— aflHbie roMOTonnMecKne rpynnbi 
flji5i jiK)6oro k. riycTb ^i, . . . , C F; ?/o G T.e. (F; ^i, . . . , ^fc-i) - 
nynKTHpoBannaa /c-a^a [27J. 

OnpedeACHue 1 (A;+l)-aflnoH roMOTonnnecKoii rpynnbi nepea A;— aflnyio (nn- 
flyKLi,H5i no k] r>k): 

7Tr{Y- ^1, . . . , Ak) = 7r,_i(Q(y; ^i); Q(^2, ^2 n ^i), . . . , n ^i)), 

nnflyKLi,H5i no3BOJi5ieT TaK>Ke nojiynnTb (xonnyio) zoMomonuHecKyn) nocAedo- 
eameAhHOcm'h {k+l)-adu (ncxofla na /c— aflnon nocjieflOBaxejibnocTn n yneTa 
CHMMCTpnn /c-aflnbix rpynn no MjiaflniHM sjieMenTaM Ai) 

> Tir{Ai] A2nAi, . . . , AkHAi) Tlr{Y] ^2, • • • , Ak) 

7Cr{Y; ^1, . . . , Ak) TTr-iiAi] ^zH^i, . . . , AkHAi) ^ • • • (3.7) 

Hanajio HnflyKLi,HH — OTnocHTejibnaa n Tpnaflnaa roMOTonnnecKne rpynnbi 
|27| H roMOTonnnecKaa nocjieflOBaxejibnocTb napbi ( 13.61) . 

9KBnBajienTnoe, no anno cnMMexpnnnoe OTnocHTejibno nepecxanoBOK Ai ^ 
Aj OnpedeAenue 2 (A;+l)-aflnoH rpynnbi (flOKaaaxejibCTBO SKBHBajienTnocTH 
— no HHflyKii,HH c HcnojibSOBanneM saMenbi Tnna ( 13.51) ): 

7Tk+i{Y;Ai,...,Ak) = 7To{Ci), 
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rfle C[ — MHO>KecTBO OTo6pa>KeHHH ((/c+l)-aflHt.ix c(|)epoHflOB) cjieflyiomero 
BHfla: 

sflecb /^^j^^ — rpaHb Ky6a npHMbiKaK)iii,a5i k BepmnHe Ky6a zi, /^^^y^ — 
ocTajibHbie rpaHH. 

Mno^KecTBO 7Tk+i{Y] Ai, . . . , Ak)^ OMeBHflHO, TaK>Ke 6yfleT rpynnoft (o^e- 
BHflHO, a6ejieB0H, ecjiH / > 0), ecjiH Y — rpynna, a Ai — noflrpynnbi. 

3.3 TonojiorHHecKHG KBa3H-3apH;:i;iji 
^jia CHMMexpHHHbix pemeHHH 

CnMMeTpHHHbie pemeHH5i HHTepecHbi tcm, mto ohh MoryT 6biTb ycmou- 

HUeU. npeflCTaBJI5ieTC5I, MTO flHCKpeTHOit CHMMCTPHH MajIO flJI5I yCTOilHHBOCTH, 

nosTOMy 6yfleM oGbimho npeflnojiaraxb najiHMHe nenpepbiBHOH noflrpynnbi chm- 

MCTpHH. 

ByflCM roBopHTb, mto pemenHe h{x) (KOH4)HrypaLi,H5i KO-penepnoro, flji5i 
onpeflejieHHOCTH, nojia /i"^) cuMMempuHHO OTHOCHTejibHO flH(J)4)eoMop4)H3Ma 
y [x ^ y{x)), ecjiH cymecTByex KOMnencHpyiomee npaBoe (rjio6ajibHoe) npe- 
o6pa30BaHHe (to ecTb jieBO-npaBoe npeo6pa30BaHHe ( 11.21 ) nepeBOflHT pemeHne 
h{x) caMO B ceGa): 

= ^s%h\{x)-^ = h\{y)- s G 0(1, m). 

CHMMeTpH5I OCTpOBHOH K0H4)Hrypai],HH nOJIHOCTbK) OnpefleJI5ieTC5I nOBOpOTOM 
S — HOT TpaHCJI5ILI,H0HHbIX CHMMexpHH C S = 1 (saMeHOH y ^ Ky MO>KHO Bce- 

rfla HCKjiiOHHTb KOHCTaHTy K,). /]^Ba5Kflbi noBTopeHHoe npeo6pa30BaHHe, one- 
BHflHO, TaK>Ke 5iBji5ieTC5i CHMMeTpHeft, eft OTBenaeT noBopoT s^. 51cho, mto jiio- 
6a5i B03MO>KHa5i rpynna chmmctphh G 5iBji5ieTC5i noflrpynnoft 0(1, m), n fla^Ke 
G C O^ (6ycT ne Mo:>KeT 6biTb CHMMCTpneft). Hajinnne chmmctphh ne 3aBHCHT 
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OT Bbl6opa KOOpflHHaT X, H M05KH0 Bbl6paTb HX TaKHM o6pa30M, MTO OTBe^a- 

lomHii CHMMeTpHH flH(J)(J)eoMop4)H3M 6yfleT rjio6ajibHbiM npeoGpaaoBaHneM: 
dy/dx = s = const. 

/]^e4)opMai],Hio (13.21) penepnoro nojia k nojiio MaTpnu, noBopoTOB a{x) G 

SOm M05KH0 Bbl6paTb COrjiaCOBaHHOH C CHMMeTpHeft HCXOflHOrO nojifl, T.e. 3a- 

fla^a KjiaccH4)HKaLi,HH G-CHMMeTpHMHbix pemeHHH All cboahtch k KjiaccH- 
4)HKaLi,HH G-CHMMeTpHMHbix K0H4)HrypaLi,HH 'KHpajibHoro' SO—nojifi (nOJI5I 
MaTpHu, SOm)- KcTaTH, CHMMeTpH5i KHpajibHbix MOflCjieH (nanpHMep, MOfle- 
jiH CKHpMa [HS]) BKjiiOMaeT KaK npeo6pa30BaHH5i o6biMHoro npocTpaHCTBa, 
Tax H noBopoTbi 'BHyTpeHHero' (H30TonHMecKoro) npocTpaHCTBa, ho hctphbh- 
ajibHbie CHMMeTpHMHbie pemeHH5i (xax h b All) CB5i3aHbi c duasonaAhHUMu 
noflrpynnaMH chmmctphh j33]. 

rioBTopHM eme pa3 onpeflejienHe: jiOKajiH30BaHHoe nojie 

(7{x) : R!^ SO{m), ((j(oo) = 1"^) 

G-CHMMCTpHMHO (t.c. CHMMeTpHHHO OTHOCHTejibHO rpynnbi G C 0(m)), ecjiH 
(b noflxoflflmeii CHCTeMe KOopflHHaT) 

(j{sx) = s(7{x)s^^ y s ^ G; (3.8) 

MHO>KecTBO TaKHx nojiCH Cc pa36HBaeTC5i Ha roMOTOHHMecKHe Kjiaccbi, o6pa- 
3yion],He rpynny U{G), T.e. U{G) = 7Co{Cg). 

KpoMe BbiMHCjieHH5i rpynn n(G) Hy>KHO TaK:>Ke peniHTb h flpyryio 3aflaMy. 
riycTb Syml 6ojibme Sym2 (no nncjiy sjieMenTOB, renepaTopon), to ecTb 
HMeeTC5i ecTecTBennoe Bjio:>KenHe Mno:>KecTBa Kon(J)Hrypan,HH 

i : C{Syml) C{Sym2). 

3to Bjio:>KenHe HnflyD,HpyeT roMOMop(|)H3M rpynn Il{Sym) 

: Il{Syml) Il{Sym2), 
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H Haflo ero onncaTb (mohomop4)H3m hjih HyjieBoii Mop(J)H3M h T.fl.; Kax 'mcji- 
KHe' KycKH 6ojiee CHMMeTpHHHbix pemeHHii pacnojio:»;eHbi OTHOCHTejibHO 'xpyn- 
Hbix' KycKOB Menee CHMMeTpHMHbix pemenHft). 

PaccMOTpHM cjiyMaft npocTeftmeft (flHCKpeTHoft) rpynnbi Pi OTpa^KenHft 

OflHOft KOOpflHHaTbi: 

^1 = {1,13(1)}, rfle = diag(-l, 1, . . . , 1) = p^^]. 

^ocTaTOHHO saflaTb nojie a{x) na nojiynpocTpancTBe | i?™ = {xi > 0}, npn- 
MCM Ha nOBepXHOCTH CTaLI,HOHapHbIX TOMCK R^^^ = {xi = 0} MaTpHLi,a a 

pfljiTKRa KOMMyTHpoBaTb c CHMMeTpHeii (cm. 



cjieflOBaTejibHO (yMHTbiBafi Tpe6oBaHHe jiOKajinaoBaHHOCTH) , pe^b HflCT o flnafl- 

HOM M0p(|)H3Me (hJTH OTHOCHTejIbHOM C(J)epOHfle) 



TO. r»TO— 1^ 



{SOjn] SOm-l), H n(Pi) = 7Tm{S0m] SOm-l) = 7Tm{S 



TO— 1^ 



— BBHfly najIHMHfl paccjioeHH5i SOm/ SOm-l = (S^"^^. 

/]^JI5I CHMMCTpHH 0/ (fleHCTByK)III,eH Ha HCpHbie / KOOpflHHaT; / < m) HMe- 

eM orpaHHHeHHfl fljia MaTpHLi,bi a (hoaoGho cjiynaio c(|)epHHecKOH chmmctphh 
(Eia)): 

/ e n,n.- + (i A,„- B rii \ 

, CTpq e O^; (3.9) 



Crij A 



sflecb i, j = 1, . . . , /. CnoBa Hy:>KHO aanojiHHTb nojiynpocTpaHCTBO = 
= 0, i < /; X/ > 0} — MHO^KecTBO op6HT rpynnbi O;, — na KOTopoM a 
HMeeT cjieflyion],HH Gjionno-flHaronajibHbiH bha (cm. (13.91 )): 

/d \ 



= (0, . . .,0, 1), a = 



d 



e B 
C A) 



(3.10) 
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T.e. d = 1, cr G © SOrn-i+i)- Ha rpaHHLi,e K^~^ = {xi = 0} (MHO>KecTBO 

CTaLI,HOHapHbIX TOMeK) (J G © SOm-l ~ MaTpHLI,bI, KOMMyTHpyiOmHe C CHM- 

MeTpneft 0/ {B^C — He^eTHbie (BeKTop)4)yHKLi,HH 'paflnyca', pasHbie nyjiio 
npH r = 0, CM. (13.101) : = XiXi). CnoBa, yMHTt.iBa5i jiOKajiHSOBaHHOCTb cr(a:), 
HMeeM flnaflHoe OTo6pa:>KeHHe 

T.e. n(0;) = 7lm-l+l{S0m-i+i] SOm-l) = TTm-l+liS"^'^) . 

EcjiH / > 3, cnpaBefljiHBO paBeHCTBO (h30mop4)H3m) n(O^) = Il{SOi), ho flji5i 
/ = 3 HjiH / = 2 B (13.91) naflo flo6aBHTb Mjienbi e*£ijknk hjih B*(C*)£ijnj^ e*£ij, 
cooTBeTCTBeHHO. Topfla BMecTO (13.101) 6yfleM hmctb (cooTBeTCTBenHO fljia / = 2 
HJIH / = 3) 

f d e* \ 

-e* d 

e 5 
V C Aj 

YHHTbiBafl HeneTHOCTB HJienoB c n^, HOJiynaeM pesyjibxaT: 

n(5'03) = 7r„,_2(5'02 e ^O.^-s; 5'0,,-3) = 7r^-2(^' x 5^-3), (3.12) 
0(502) = 7r„,_i(5'0^; 5'0^_2 502) = 7r„,_i (i?0+(m, 2)). (3.13) 

'CoCTaBHbie' CHMMCTpHH THHa SOl^ + • • • + SOl^, HpHB0fl5IT K (/c + 1)- 

aflHbiM rpynnaM: Ka:>KflOH KOMHonenTe SOi^ cooTBeTCTByeT HOjiynpocTpaHCTBO 
ee op6HT, Hepece^eHHe KOTopbix oGpasyeT ocHOBy (A;+l)-aflHoro OTo6pa>KeHH5i 
(naflCTpoenHbiH Ky6 /^), OHpefleji5ieMoro oGijeflnHeHHeM ycjiOBHH Tnna (13.101) . 
(13.111) . HanpHMep, 

Xl{SOf + • • • + SOf ) = 7r,,-k{S0^- ^1, . . . , Ak), 





( d 


e* 


5*\ 




a = 


-e* 


e 




HJIH a 




V O* 


C 


^ J 





3.11 



rfle = 50^12 e 50^*) 



nOflMHO>KeCTBO BpaiI],eHHH, KOMMyTHpyK)II],HX c 



KOMHOHeHTOH SO2 (c HOBopoTOM ocefi 2z — l,2i; 2k < m) 
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3.4 PasMepHOCTb 1 + 4; 

6'02-CHMMeTpHMHbie KBaSHCOJIHTOHbl 



OnKCHpyeM pasMepnocTb m = 4 h 6yfleM hcxoahtb h3 c4)epHHecKH- 

CHMMeTpHHHOii KOCMOJIOrHHeCKOH MOfleJIH, 06pHC0BaHH0H B § 2.6. B03bMeM CH- 
CTCMy KOOpflHHaT, flBH^KymyiOCfl BMeCTe C BOJIHOBOflOM, HanpaBHB KOOpflHHaTbl 

= Xi,X2:X^ BflOJib BOJiHOBOfla. PaflHajibHyK) (flonojiHHTejibHyio) Koopflnna- 

Ty Xq OTCHHTblBaeM OT 'LI,eHTpa' BOJIHOBOfla, rfle Xq = 0; flJI5I BpCMCIIIIOH Koop- 

flHHaTbi B 9T0M naparpa4)e npHHSTO oGosHaneHHe x^ (hjih t). B 'Hameii' CHCTe- 
Me OTCHCTa TOjimHHa BOjiHOBOfla L = 7A flocTaTOHHO BejiHKa (L > IQ-^^cm), ho, 
Bce paBHO, MHoro MeHbme paflnyca BOjiHOBO/i,a (R > IO^^cm). no-BH/i,HMOMy, 
fljia HanpaBJieHHfl Xq flpyroro xapaKTepnoro MacmTa6a, KpoMe L, 6biTb ne 
flOJi^KHO — 'TepMajiHSOBaHHbie' BOJiHbi (KOCMOJiorHHecKHii inyM, 'nyjieBbie ko- 
jie6aHHfl') flOJiJKHbi flBHraTbca bohth KacaTejibno k BOJinoBOfly, hto6 ocTaBaTb- 
ca B HCM^^. rio KOopflHHaTaM Xa, HanpoTHB, napflfly c 6ojibmHM MacmTa6oM 
R cymecTByeT Majibiii xapaKTepHbiii MacniTaG Aq — rpaHHLi,a cnexTpa (hjih 
TCMnepaTypa) myMa (Aq < 10~"'"^cm); stot MacmTa6 Mo:aceT onpeflejiaTb pas- 
Mep MacTHH,enoflo6Hbix K0H4)HrypaLi,HH noji5i, o6jiaflaion],Hx TonojiorHMecKHM 

(KBa3H)3ap5IflOM. 

ripH 6ojibmoM BpeMCHH pacmnpeHHa bojihoboa Majio otjihhhm (ecjiH Xa <C 

R) OT HJIOCKOii BOJIHbl. MoJKHO flOHyCTHTb, HTO HMeCTCa flOHOJIHHTeJIbHafl CHM- 

MCTpHfl BOJiHOBOfla -P{0} (napafly c CHMMeTpneii O3 ho KOopflnnaTaM Xa) — 
OTHOCHTejibHO 0Tpa>KeHH5i KoopflHHaTbi Xq (HpH6jiH»ceHH0H CHMMeTpHeft 6y- 

flCT H 0Tpa>KCHHC BpCMCHH T = P{0}). HTaK, flJIfl CHMMCTpHH BOJIHOBOfla 

(MaKCHMajibHO bo3mo>khoh) HMeeM Bbipa>KeHHe 
Symo = 03 + Pi = O3 + P{0} c 0(4). 

^^OcTETOHHoe yjTeTEHHe mvMa MOJKeT OKasaTbca nojresHWM (npo6jTeMa ropH30HTa) na npoMejKVTOHHMx 
CTa^Hfl pacmnpeHHa — hto-to epo^e CTOxacTHnecKoro oxjiajK^eHHa, Tonnee, BbipaBHHBaHHH 'TennepaTy- 
pbi'. 
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B nepByio onepeflb paccMOTpHM CHMMeTpHH, HMeiomHe HenpepbiBHyio nofl- 
rpynny h corjiacyK)iii,Hec5i c CHMMeTpneii BOjiHOBOfla: Sym C SyrriQ. HaM 
HSBecTHbi y>Ke rpynnt.1 li^Sym) flji5i pafla CHMMeTpHft (cm. (13 ■121) . (13.131) : 
i?G+(4,2)=5'2x5'2, [29J): 

n(i) = z|, 0(503) = n(03) = 0, ii{S02) = z^; 

OTCiofla cjieflyeT, hto c4)epHMecKH-CHMMeTpHMHbix (no o6biHHbiM HSMepeHHAM 

Xa) KBaSHCOJIHTOHOB HC CyiII,eCTByeT, HO B03M0:«;HbI KBaSHCOJIHTOHbl LI,HJIHH- 
flpHneCKOH CHMMeTpHH. 

J\jm flajibHeiimero HOTpe6yeTC5i KBaTepHHOHHoe npeflCTaBjieHne rpynnbi 
5*04 [28j H HCKOTopbie sjieMeHTapnbie CBeflenHH o KBaTepHHonax [221 ED|- Mc- 
nojibsyeM pasHbie cnoco6bi aanncH KBaTepHHona x: 

X = Xo + Xii + X2] + 3:3k = Xq + Xala = Xplp] 

io = 1. C0Hp5i:>KeHHbIH KBaTepHHOH 3T0 X = XQ — Xa^a (BbIflejI5ieTC5I Ben],ecTBeH- 
Ha5I HaCTb Xq H MHHMa^l), |x| = (xx)^/^ — flJIHHa KBaTepHHOHa. MnOJKeCTBO 

eflHHHHHbix KBaTepHHOHOB (flji5i KOTopbix x~^ = x) cocTaBji5ieT c4)epy (S^, a 

MHHMblX eflHHHHHblX KBaTCpHHOHOB — c4)epy S'^ . 

MaTpHLI,e (7 G 5*04 CTaBHTCfl B COOTBCTCTBHe napa eflHHHMHblX KBaTepHH- 
OHOB (f,g) HO cjieflyK)n],eMy HpaBHjiy [28j: 

X* = CTpgXq ^ X* = (f,g)x = fxg"^; (3.14) 

flJIHHbl |x| H |x*| OflHHaKOBbl. 9tO flefiCTBHTejIbHO HpeflCTaBJieHHe, T.K. 

(f,g)(f,g)x = (ff,gg)x, 
HpHHCM flByanaHHoe, HOCKOjibKy napbi (f,g) h (-f,-g) fleficTByroT oflnnaKOBO 

(sKBHBajieHTHbl) , T.e. 

SO^ = Sf xSl/ ±. (3.15) 

Mbi pasjiHHaeM flBe c(|)epbi KaK Aeeym h npaeym ne TOjibKO HOTOMy, hto o^hh 
KBaTepHHOH B (13.141) flencTByeT cjiena, a flpyrofi cnpana, ho h HOTOMy, hto npn 
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OTpa>KeHHH OflHOii KOOpflHHaTbl [xq] npH HSMeHeHHH OpHeHTaLI,HH) SJieMeHTbl 

napbi (f,g) MeH5iK)TC5i MecTaMH. 

riapbi (f,f) He MeH5iioT BemecTBeHHyio nacTb KBaTepHHona x, cm. ( 13. 141 ). 
T.e. cooTBeTCTByiOT rpynne 5*03 C SyniQ. IloBopoTbi na yroji (j) KOopflHHaT 1) 
a:2,a:3, 2) xq^xi hmciot b KBaTepHHOHHOM npeflCTaBjieHHH, cooTBeTCTBenHO, 
cjieflyiomHH BHfl (h KOMMyTHpyiOT flpyr c flpyroM): 

1) (a,a)(0), 2) (a,a"^)(0); a(0) = cos ^ + i sin ^. (3.16) 

OTpa>KeHHK) ^0 KOopflHHaTbi xq He cooTBCTCTByeT HHKaKa5i napa, t.k. po ^ 
SO 4. Ho npeoGpasoBaHHC a 1-^ Po^^Po^ 0CTaBji5ieT a b 5*04, h eMy OTBenaex 
nepecTanoBKa sjieMCHTOB napbi (f,g). HanpHMcp, napa (i,l) (eft OTBenacT kom- 
6HHaLi,H5i noBopoTOB (13.161) c = 7r/2) nepexoflHT b napy (l,i) (noBopoT oceft 
xo, xi MCHfleT SHax). Oxpa^KeHHe flpyroft KoopflHnaTbi CBOflHTca k OTpa>KeHHio 
Po H HCKOTOpOMy Bpaiii,eHHio. 

TaKHM o6pa30M, mo:«;ho saMCHHTb (pasflCjiHTb, cm. (13.151) ) OTo6pa:>KeHHe 
a{x) Ha flBa OTo6pa:«;eHH5i 

i: R'^ Sf, g: R'^ Sf; f,g(oo) = 1. 

Ilocjie saMenbi a ^(f,g),a: ycjiOBHC CHMMeTpHnnocTH (13.81) TaK>Ke pac- 
iii,enji5ieTC5i HaflBoe: 

f(axb'^) = af(x)a-\ g(axb"^) = bg(x)b-^ V(a,b) G Sym C 504. (3.17) 

Fpynnbi Il(Sym) flji5i Sym C SO4 pasflejienbi na flBC (oflHnaKOBbie) nacTH, a 
npH flo6aBjieHHH 0Tpa>KeHH5i Pi hjih P3 (Tpex KOopflnnaT) rpynna 11 yMcnb- 
macTCH BflBoe: 

U{Sym) = Ui{Sym)^Ur{Sym), U{Sym ^ Pi) = hj{Sym) (1^1^ + 1,); 

OTo6pa>KeHHe g onpefleji5ieTC5i nepes f — flji5i chmmctphh Pi = P{0} h3 (13.81) . 
nanpHMcp, cjieflyex cooTHomeHHe g{x) = f{pQx), hjih g(x)=f(-x). 
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PaccMOTpHM noflpo6Hee 'ycTpoiicTBo' HeTpHEnajibHoro (jieBoro) OTo6pa- 
wieRRsi fG li G n^(l). Ha Phc.2 y ccj^epbi eflHHHHHbix KBaTepHHOHOB ot- 
MeneHbi flBe anTHnoflajibHbie tohkh 1 h —1, f^^(l) = oo. Ecjih MHO>KecTBO 
M = f^^(— 1) nycTO, to paaopBaB c4)epy b tohkc — 1 h CTiinyB ee (baojib 
nee) k tohkc 1, nojiy^HM roMOTonHio OTo6pa»ceHH5i f k TpHBHajibHOMy F = 1. 
riosTOMy, nepBoe ycjiOBHe — M ne nycTO (mojkho paccMaTpHBaTb h flpyrne 
TOHKH c4)epbi, HO M — CBoero pofla 'Li,eHTp HacTHu,bi'). 

Phc.2. Ccj^epa eflHHHMHbix Phc.3. OcHan],eHHoe 

KBaTepHHOHOB MHoroo6pa3He B 

JXji^i rjiaflKoro OTo6pa:»<;eHH5i f o6n],ero HOjio>KeHH5i Tonxa —1 5iBjiiieTC5i npa- 
euAtHou [2HIISII]: KacaTejibHoe OTo6pa:«;eHHe HMeeT (MaKCHMajibHO bo3mo>k- 
Hbiii) panr 3, T.e. fljia Ka^Kfloro xacaTejibHoro BexTopa n b tohkc —1 HaiifleTCfi 
B Ka>KflOH TOHKe x G M BeKTop-Hpoo6pa3 n{x), opToroHajibHbiH M (npn 
3T0M M — rjiaflKoe oflHOMepnoe MHorooGpaane; na Phc.2, 3 H3o6pa>KeHa TOJib- 
KO nacTb KacaTejibHbix bcktopob). 

CB5i3b Mempj OTo6pa>KeHH5iMH H ocnaineHHUMU MHOzoo6pa3UfiMU o6pa- 
THMa |28| . roMOTOHHHecKaa SKBHBajieHTHOCTb pacHpocTpaH5ieTC5i Ha ocHan],eH- 

Hbie MH0r006pa3H5I. Mo^KHO, CKa»CeM, fle4)OpMHpOBaTb M, 06T>eflHHHB HeCB5I3- 

Hbie nacTH, k OKpy^KHOCTH . KpoMe Toro, CHCTCMy BexTopoB ia {i^j^k) 

MO:>KHO OpTOrOHajIH30BaTb (c HOMOni,bK) OflH03HaHHOH HpOn,eflypbI |SQj), HT06bI 

iah = ^ab- B 3T0M cjiynae TOHKa y = x + rn^ tj\q x G M, r <C 1, OToGpa^KaeTCH 
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Ha B TOMKy —1 + r{nia) ia + O(r^). 

OcHameHHoii OKpy»:HOCTH OTBe^aeT OTo6pa:>KeHHe SO^, onpefleji5i- 

lomee noBopoT 6a30Bt.ix bcktopob opToronajibHoro 0CHaiii,eHH5i OTHOCHTejibHO 
4)HKCHpoBaHHoro 0CHaii],eHH5i (nanpHMep, mpueuaAhuozo, y KOToporo oflHH 
BCKTop 0CTaeTC5i B njiocKOCTH OKpyjKHOCTH, CMOTpHT HO paflHycy, a flBa flpyrHx 
nepeHOC5iTC5i napajiJiejiBHO npn o6xofle OKpy>KHOCTH |1B|); h3 SToro cjieflyex 

n^i) = ^n(i) = 7ri(503) = Z2 (= 7^,{s^)). 

y HeTpHBHajibHoro 0CHaiii,eHH5i ojxym BexTop mo^kct nepeH0CHTbC5i 'TpHBHajib- 
Ho', Torfla KaK flBa flpyrnx noBopaMHBaK)TC5i npn o6xofle OKpy>KHOCTH na 27r 
(hjih na He^eTHoe mhcjio o6opotob). TaKHM oGpasoM, BTopoe ycjiOBHe neTpH- 
BHajibHOCTH f (hjih [f]) HajiaraeTC5i na flH(|)(|)epeHLi,Haji OTo6pa>KeHH5i (b tohkc 

f= -1). 

EcjiH B MOflejiH OaflfleeBa TOHOjiorHHecKHii aapafl CBiisan c OTo6pa>KeHHeM 
'Li,eHTpa HacTHu,bi' b opneHTHpyeMoe ('oflHOsnaHHoe') MHorooGpasne SO2 
|33| . TO B HameM cjiy^ae 'Li,eHTp cojiHTona' OTo6pa>KaeTC5i b neopneHTHpyeMoe, 
'flBysnaHHoe' npocTpancTBO SO^ = (S^/zt; bo3mo:>kho, mtoGbi HpaBHjibHO sa- 
HHcaTb TOHOJiorHHecKHH TOK, HOTpe6yeTC5i BBeflenne BcnoMoraTejibHbix flBy- 

SHaHHblX (cHHHOpHblx) HOJieft. 

Jl,Jlfl *S'02 — CHMMeTpHHHblX OTo6pa>KeHHH f(x), TflC, flJI5I OHpeflejieHHOCTH, 

5*02 = S0{1,2} — rpynna Bpan],eHHH KOopflnnaT a:i,X2, h3 (13.171) cjieflyeT 
ycjiOBHe 

f(axa"-^) = af(x)a~"'^, r^e a((/9) = cos ^ + k sin ^. (3.18) 

IlpH 3T0M (eCJIH TOJIbKO HC JiemWY B njIOCKOCTH \X\ = X2 = 0} — 

MHO>KecTBe CTaLi,HOHapHbix tomck) 5iBjiiieTC5i OKpy>KHOCTbK), BbiceKaiomeii B 
nojiynpocTpaHCTBe = \x2 = 0, xi > 0} (MHO>KecTBe opGnT rpynnbi 
SO2) oflHy TOHKy. YcjiOBHe (13.181) . nepeneceHHoe na flH4)4)epeHLi,Haji OTo6pa- 
>KeHH5i, onpefleji5ieT ocnameHHe: bcktop k HepenocHTCH xpHBHajibHO ('tphbh- 

aJIbHblft' BCKTOp), a BCKTOpbl J 3aMeH5IIOTC5I HOBCpHyTblMH KOM6HHaU,H5IMH 
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(i icosip -\- jsimp), T.e. noBopa^HBaiOTCii npn oGxofle OKpy:>KHOCTH iia 27r 
(HanpaBjieHHe BpameHHa MeHseTCJi npn HSMeHeHHH opHeHTaLi,HH napbi T.e. 
npH HSMeneHHH SHaxa KBasHsapafla, cm. Phc.3,4). 

TaKHM o6pa30M, ocHameHHaa OKpy>KHOCTb h3 neTpHBHajibHoro Kjiacca 1 G 
11/(1) flonycKaeT CHMMeTpnio SO2, T.e. HMeeT MecTO 9nHMop4)H3M 

Ili{S02) = Z^ Ui{l) = Z2 (1 ^ 1). 

LI,HJIHHflpHHeCKH-CHMMeTpHHHa5I 'KBa3HHaCTHLI,a' BMeCTe C TOnOJIOrHHeCKHM KBa- 

3H3ap5iflOM (g Z; 3aMaHHHB0 nonbiTaTbCJi CB5i3aTb ero c jienTOHHbiM 3ap5iflOM) 
HMeeT TonojiorHHecKHH 3ap5i/i, (g Z2, 'jieBaa (J)epMHOHHOCTb'). 

B o6cy>KflaBmHxc5i ypaBHeHHax penepnoro nojia OTcyTCTByiOT pa3MepHbie 

KOHCTaHTbl (b OTJIHHHe, CKa»CeM, OT MOfleJIH CKHpMa), KOTOpbie MOrjIH 6bl 

onpeflejiHTb xapaKTepHbiii pa3Mep, ycToiiHHBbiii paflHyc 5*02— cojiHTona. Ecjih 
:>Ke cojiHTOH HaxoflHTCfl B 'pe3epByape c my mom' (b HameM KOCMOjiornMecKOM 
BOjiHOBOfle), HMeeTca pa3Mep Aq, na KOTopoM Mo:aceT ocTaHOBHTbCJi (hjih xots 
6bi 3aMefljiHTbC5i) pacmnpeHHe cojiHTOHa. 

3.5 OeHOMeHOJlOrHH KBaSHCOJlHTOHOB; 

BTopHMHbie nojia h 'apoMaxbi' 

B 9T0M naparpa4)e no Heo6xoflHMOCTH npHxoflHTca npnGeraTb k Kane- 
CTBeHHOMy onHcaHHK) H npH6jiH3HTejibHbiM 4)opMyjiHpoBKaM; Bce coBnafle- 

HH5I Ha3BaHHH KBa3HC0JIHT0H0B C Ha6jIIOflaeMbIMH SJieMeHTapHblMH HaCTHLI,a- 
MH, BCTpeMaK)III,HeC5I HH>Ke, M05KH0 CMHTaTb CJiyMaHHblMH (hjih B flOCTaTOMHOH 

CTeneHH ycjiOBHbiMH). 06n],a5i 3aflaHa — naMeTHTb B03Mo:»<;Hbie KOHTypbi 4)eH0- 

MeHOJIOrHHeCKOrO OHHCaHHJI KBa3HC0JIHT0H0B (hX pO:»<;fleHH5I, 9B0JIK)LI,HH, yHH- 
HT0>KeHH5l) B 'flOCTaTOHHO HiyMHOM' (h BbipOJKfleHHOM HO flOHOJIHHTeJIbHOMy 

H3MepeHHK)) KOCMOJiorHHecKOM BOJiHOBOfle, HanGojiee CHMMeTpn^Hoe coctoa- 

HHe KOTOpOrO, 6eCC0JIHT0HH0e, MOJKHO Ha3BaTb 'baKyyMHblM C0CT05IHHeM'. 
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ByflCM HCxoflHTb H3 p5ifla Tpe6oBaHHH H npeflnojio>KeHHH b OTHomeHHH Ba- 
KyyMHoro coctojihhji, h3 KOTopbix rjiaBHoe — npeflnojio:»<;eHHe o ero SHepreTH- 

neCKOii yCTOiiHHBOCTH (oTHOCHTeJIbHO 'TOnOJIOrHHeCKHx', COJIHTOHHBIX B036y>K- 

fleHHft; T.e. npn najiHHHH KBasHCOJiHTOHa b o6jiacTH U b neii yBejiHHHBaeTca 
njiOTHOCTb SHeprHn) . IlpeflnojiaraeTCfl TaK>Ke BbicoKaa CHMMeTpna h Hejinneii- 
HOCTb myMa, to ecTb aMnjiHTy^a myMa ao BejiHKa nacTOJibKO, hto na MacniTa- 
6e Ao B03M0>KHbi 4)jTyKTyaTi,HH pcncpHoro nojia nopaflKa eflHHHLi,bi, npHBOflfl- 
mHe K poi^cfleHHio cojiHTOH— aHTHCOjiHTOHHbix nap; B TO 7Ke BpeMa aMnjiHTyfla 
/— KOMnoHeHTbi myMa, nepeHOcameft n— HMnyjibc, Mo:aceT 6biTb Majia, a/ <C ao 
(flji5i Gojibmeii tohhocth coxpaHeHHJi SHeprnH-HMnyjibca). HeacHO, npHMCHH- 
Mbi jiH HanpiiMyio k BaxyyMHOMy coctoahhio, k aHcaM6jiK) 'TepMajiHSOBaHHbix 
bojih', myMa, TepMOflHHaMHHecKne coo6pa>KeHH5i (h KaKoro njiana), ho, bo Bca- 
KOM cjiynae, mo>kho o»cHflaTb KaKHx-TO CKeiijiHHroBbix saKOHOMepnocTeii fljia 
ycTaHOBHBmerocfl cnexTpa 'TepMajiHSOBaHHbix' bojih, a TaKme Gojibmoii chm- 

MCTpHH, OflHOpOflHOCTH H HSOTpOHHOCTH myMa (b BblfleJieHHOH, eCTeCTBeHHOH 
CHCTeMe KOOpflHHaT, B KOTOpOH HSOTpOHeH CaM 'BOJIHOBOfl'). 

OrpoMHoe KOjiHHecTBO rapMOHHK myMa BbmyjKflaeT OTKaaaTbCii ot no- 
HbiTKH ycjieflHTb 3a TOHHbiM pemeHHCM, 3a BceMH 4)jiyKTyan,H5iMH penepnoro 
nojia. BnflHMO, Ba:acHee cjieflHTb 3a TonojiorHnecKHMH B03Mym,eHH5iMH 'Baxy- 
yMa' — KBasHCOjiHTOHaMH, TO ecTb 3a /i,ojiro>KHBym,CH /i,hckpctiioh Hn43op- 
Man,HeH — TOHOJiorHnecKHMH (KBa3H)3apflflaMH. EcTecTBenHoii bh3hthoh Kap- 
TOHKoii cojiHTona aBJiaeTCfl ocHam,eHHoe MHoroo6pa3He (Li,eHTp TonojiorHne- 
CKoro cojiHTona), ho b ycjiOBHax HejinneiiHoro myMa sto HeyfloGnbiii, 6biCTpo 
MCH5iToiii,HHCfl oGiieKT. MojKHO, oflHaKO, npoBCCTH ycpeflHeHHe no MacmTa6y 
A^, Ao < <C I/; B pe3yjibTaTe B03nHKneT 6ojiee ycToiinHBoe 'yTOjim,ennoe 
ocnam,ennoe Mnoroo6pa3He', cnjibno BbiTJinyToe (~ L) no flonojinnTejibnoMy 
H3MepeHHK) (xpoMe L neT flpyroro xapaKTepnoro pa3Mepa), n pa3Mepa ~ Aq 
no o6binnbiM H3MepenH5iM, npnneM ecTecTBenno o:acHflaTb, hto ycpeflnennaa 
Kon4)HrypaLi,H5i CHMMeTpnHna, n,HJiHnflpHHecKH-CHMMeTpHHna b o6bmnbix h3- 
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MepeHH5ix. 3tot ycpeflHeHHbm o6teKT — CBoero pofla 'HHTOMxa co CTpejiKoii', 
rfle 'cTpejiKa' — o6iii,ee HasBaHne fljiJi cjieflyiomHx napaMeTpoB, saflaiomnx 

(S'02-CHMMeTpHHHyK) K0H4)HrypaLI,HK): 

1) HanpaBjieHHe och chmmctphh — RP^ (= i?G(3, 2)), 

2) 'nanpaBjieHHe' ocHameHHa — O3, cm. Phc. 4. 




Phc.4. OcHameHHaa tomke b Phc.5. ^eiicTBHe OTpajKenHH P{0, 3} (') 

(na MHOJKecTBe op6ht chmmbtphh 5'0{1,2}). h P{1,3} (") na BCKTopa ocnameHHa. 

Mo:»<;eT OKasaTbca, hto nacTb napaMCTpoB (no KOTopbiM 'chsto Bbipo:acfleHHe') 
HMeeT BbiflejieHHbie, npeflnoHTHTejibHbie (ycToiiHHBbie hjih MeTacTaGnjibHbie, 

0/l,HO HJIH HeCKOJIbKo) 3HaHeHH5I, HC MeH5IIOIII,HeC5I BflOJIb HHTOHKH. 9Ty cjjHK- 

cnpoBaHHyio nacTb 'cTpejiKn' 6yfleM nasbiBaTb 'apoMaTOM' (b cjiynae SO2- 
cojiHTOHOB 6yfleT HMeTbCfl B BHfly anajiorHa c jienTOHHbiMH apoMaTaMn). Hs- 
MeHaiomyioca nacTb 'cTpejiKn' (Bbipo:>KfleHHbie napaMeTpbi) , b cbok) onepeflb, 
Mo:>KHO pasGnTb Ha cnHHOByio nacTb, npeo6pa3yK)iii,yioc5i npn noBopoTax ko- 
opflHHaT SO^ d SyiTiQ, h ocTajibHyio nacTb (ecjiH ocTaHeTca), KOTopyio ecTe- 
CTBeHHO HasbiBaTb 'i^bctom'. 

/],JI5I OCe-CHMMeTpHHHblX COJIHTOHOB MHOJKeCTBO apOMaTOB CBflSaHO, BHflH- 

MO, c HanpaBJieHHeM 'TpHBHajibHoro' BCKTopa ocnameHHa — b cjiynae chmmct- 
pHH S0{1,2} 9T0 BCKTop k; Ha Phc.4 h Phc.5 HpeflCTaBjienbi npHMcpbi 'apo- 
MaTOB'. HanpaBjieHHe ocTa,JTbHbix flByx (opToronajTbHbix) BCKTopoB ocname- 
HHa (Bpan],aK)n],Hxc5i npn o6xofle OKpy^KHOCTn) mojkct pasjinnaTbca na '4)a3y'; 
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npeflCTaBjiiieTC5i, mto HSMeHeHne 4)a3bi, ee BpameHHe 5iBji5ieTCii B03Mo:>KHbiM, 
ecTecTBeHHbiM cnoco6oM 9bojik)li,hh ocHameHHJi flaHHoft CHMMeTpHH (bosmo:*;- 
HOCTb ycToiiHHBoro pemeHHa co CTaLi,HOHapHbiM ocnameHHeM Ka»ceTC5i Menee 

BepO^ITHOft). 

Ba^KHO TaK»ce, KaK KOMnoneHTbi 'cTpejiKn' npeo6pa3yiOTC5i npn flpyrnx 
npeo6pa30BaHH5ix rpynnbi SO^ri SyrriQ (ocTaBji5iK)iii,Hx cojihtoh 'jieBbm'). Ha 
Phc.5 noKasano fleftcTBHe OTpa»:eHHH-noBopoTOB P{2, 3} h P{0, 3}, Mena- 
lomHx HanpaBjieHHe TpeTbeft och, och chmmctphh, Ha 50{1, 2}— cojihtoh. 
riepBoe Hpeo6pa30BaHHe MenaeT 3HaK KBa3H3ap5ifla (opHeHTan,HK) ocHan],eH- 

HOH TOHKh), a BTOpOe — HOT. 

3bojik)li,h5i 'hhtohkh CO CTpejiKon' Bce en],e HMeeT, HO-BHflHMOMy, CTOxa- 
CTHHecKHii, HeBOcnpoH3BOflHMbiH xapaKTep, H Hy>KHO HCKaTb en],e Menee no- 
/i,po6Hbie, HO 3aT0 ycToiiHHBbie nepTbi 9BOJiion,HH KBa3HcojiHTOHa. 'Bbipo>K/i,eH- 
HOCTb' BaKyyMa (myMa) ho flOHOJiHHTejibHOMy H3MepeHHio flejiaeT OHpaBflan- 

HblM H JIOrHHHbIM yCpeflHeHHe ho STOMy H3MepeHHIO, H BOnpOC B TOM, KaK (h 

HoneMy) flejiaTb TaKoe ycpeflneHHe: CKjiaflbmaTb jih 'bepoaTHOCTn', hjih me 
'aMHjiHTyflbi', T.e. caMH 'cTpejiKn'. 

ECJIH 6 HMejICa '4)0HapHK', HpOCBeHHBaiOn],HH BOJIHOBOfl HO paflHyCy, BflOJIb 

a^o, H Tpe6oBajiocb OHpe^ejiHTb 'Tenb' ot cojiHTona, to Tor^a, BeposTHO, Hy:ac- 
HO 6bijio 6bi CKjraflbiBaTb 'BepoaTHOCTn'. Ho Taxoro '43onapHKa' hgt, h bo- 
npoc MO>KeT cocToaTb b TOM, KaK cojiHTOHHaa HHTOHKa pacceHBaeT, B03Myn],a- 
eT sjieKTpoMarHHTHyio KOMHonenTy myMa (KOTopbiii, naoGopoT, pacnpocTpa- 
H5ieTC5i BflOJib BOJiHOBOfla), H KaK nojio>KHTejibHa5T /i,o6aBKa B ycpeflHeHHyio 
(no xq) njiOTHOCTb sneprHH (sHepreTHnecKaa ycToft^HBOCTb BaKyyMa) Bbipa- 
:»<;aeTC5i Hepe3 napaMeTpbi cojiHTOHa. Hpn TaKoft nocTanoBKe Bonpoca, bh^h- 
MO, nyyKRO CKjiaflbiBaTb 'cTpejiKn' a(^o) (cKjiaflbiBaTb aMnjiHTyflbi pacceaHHoft 

SJieKTpOMarHHTHOH KOMnOHeHTbl — BKJiaflbl OT pa3HbIX y^aCTKOB COJIHTOHHOii 

hhth), a ycpeflHeHHaji 'cTpejiKa' (ee nepeMeHHaa nacTb) OKa3biBaeTC5i btophh- 
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HbIM TpeXMepHbIM KHpajIbHbIM nojiCM: 

1 r 

i^{i){xa) = a^i){yo)6{xa - Vaiyo)) dyo {a = 1, 2, 3), 

rfle ya{xo) — saflaeT nojio^KeHHe 'hhtomkh'; npn HSMenenHH opneHTai^HH (ot- 
pa>KeHHH Pi HjiH P3) jieBa5i HHTOMKa CTaH0BHTC5i npasoH, T.e. ■?/^(;) peajiHsyeT 
npeflCTaBJieHHe rpynnbi SO^, ho ne O3. 

/]^o6aBKa B njiOTHOCTb sneprmm flOJi>KHa Ha^HHaTbCfl c mjichob, KBaflpa- 

THMHblX no BTOpHHHbIM HOJIflM (jIHHeflHbie MJieHbl, BHflHMO, HeB03M0>KHbI yjKC 

no coo6pa:>KeHH5iM CHMMeTpHn). 9bojik)li,h5i BTopnnHbix nojieit, 5iBji5i5icb cjiefl- 
CTBHCM ycpeflHeHHfl no 6ojibmoMy KOjinnecTBy ynacTKOB nnTH (noflo6no (J)eH- 
nManoBCKOMy ycpeflnennio no nyraM [59])), noflnHH5ieTC5i, bo3mo:»<;ho, jiarpan- 
:>KeBbiM npaBHjiaM, a coxpanenne aneprnn (n— HMnyjibca), yflep^KHBaeMon co- 
jiHTOHOM, — neTepoBCKoe cjieflCTBne. JJ^Jifi MnorocojinTonnbix BOsGy^Kflennii 

MO^KCT nOflOHTH 4)OpMajIH3M BTOpHMHOrO KBaHT0BaHH5I (oflHHaKOBOCTb COJIH- 

TOHOB oflHoro apoMaTa o6ecneMHBaeTC5i xaocoM Baxyyivia). 

Bo3MO>KHO, CHMMeTpnfl BaKyyMHoro cocto5ihh5i ne orpaHHHHBaeTC5i Bpa- 
n],eHH5iMH, a HMeeT mccto TaK>Ke npnGjin^Kennafi jiopeHLi,-HHBapHaHTHOCTb no 
KOopflnnaTaM Xa'. ecjin b cncTeMe, flBH:>Kyn],eHC5i co CKopocTbio OTHOCHTejib- 
HO 'Bbiflejiennon' cncTeMbi, KOMnonenTbi flBa>Kflbi ycpeflnennoro (no xq h no 
MacniTaGy A^) TeH3opa aneprnH-HMnyjibca 'baxyyivia' hmciot bha 

T^'' = Ag^"' + Bu^u" n \B/A\<^1. 

Torfla H CHMMeTpHfl jiarpaH>KHaHa BTopn^nbix nojieft flOJiJKna TaK>Ke bkjik)- 

MaTb JlopeHU,-HHBapHaHTHOCTb. 

K napaMexpaM 'apoMaxnoro Tnna' othochtch, nabepnoe, n nojio^Kenne 
Li,eHTpa cojiHTona b BOJinoBOfle — u,eHTpajibHoe hjih nepH(J)epHHHoe; ycToft- 
nHBO, Bepo5iTHO, nocjieflnee. ycToiinHBOCTb u,eHTpajibHoro nojio>KeHH5i Mo:>KeT, 
oflnaKO, o6ecnenHBaTbC5i flonojinnTejibnoii CHMMeTpnen P{0, 3}; 0CHan],eHHa5i 
TonKa (apoMaT) Phc.5, naxoflficb na ocn xi, nepexoflHT caMa b ce65i npn TaxoM 
OTpa^Kennn. 
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EcjiH cymecTByiOT ycToiiMHBbie KBaancojiHTOHbi, OTBeMaiomHe cocTaBHbiM 

CHMMeTpHflM, TO OHH, KOHeMHO, BblCTynaiOT (cO CBOHMH BTOpHHHblMH HOJIflMH) 

KaK HeaaBHCHMbie Kanajibi 'TonojiorHMecKoro B03Myiii,eHH5i' BaKyyMa h flaiOT 
CBOH BKJiaflbi B B njiOTHOCTb 9HeprHH H B jiarpaHJKHaH. 

B cjiy^ae cocTaBHoft chmmctphh 5*0(1,2} + P{0, 3} Hy>KHO aanojiHHTb 
KBaflpaHT {xo, X2 = 0; Xi, X3 > 0}, na rpaHHLi,ax KOToporo f (a:)k=kf (x); xaKoe 
sanojineHHe CBiiaano c rpynnoft tt2{S'^]S^) = 7T2{S'^). HoBopoTaMH SO{0,3} 
sanojiHHM (Phc.4), nojiy^HB Hexoe 'onopHoe' OTo6pa>KeHHe f*{x). OTHome- 
HHe F{x) =f(x)/f* onpeflejiaeT sjieivieHT rpynnbi 7r3(<S'^; S^-^^) (Haflo sanojiHHTb 
o6jiacTb {x2 = 0; xq, xi > 0}, npn^eM F{xo = 0) = 1, F{xi = 0) G S^-^^). 

Htofh KjiaccH(|)HKai],HH 'co6cTBeHHbix' rpynn CHMMeTpHH (c SO^)^ corjia- 
cyioiii,Hxc5i c CHMMeTpneii BOJiHOBOfla SyrriQ = O3 + Pi , npHBeflenbi b Ta6jiHLi,e 
3. MtoGbi He BbiflyMbiBaTb cboh nasBaHHfl fljia pasHbix thbob KBasHCOJiHTonoB, 
BOcnojibsyeMCfl HMenaMH sjieMenTapHbix HacTHu, CTanflapTHoft MOflejiH. IlpH 
3T0M yHHTbiBaeM flBa o6cT05iTejibCTBa: OTpa^Kenne P{0} CBflsano c 3ap5iflOBbiM 
OTpa>KeHHeM; cojiHTOHbi, Hecymne TonojiornMecKHii 3ap5ifl (e Z2), othoc5itc5i 
K 4)epMH0HaM, ocTajibHbie — k 6o30HaM. OnpeflejieHne nocjieflHHx, 'HanGo- 
jiee CHMMeTpHHHbix' rpynn 11 n conyTCTByion],HX mop4)H3mob CB5i3aHO TaK:>Ke 
c 3anojiHeHHeM MHO>KecTBa opGnT — neTBepTH hjih nojiOBnnbi nojiynpocTpan- 
CTBa P^ na Phc.5 (B03HHKaK)n],He npn stom TeTpaflnafi — 7r3(5'^; S^^^y S^^y S^^]^^ 

— H Tpnaflnafl rpynnbi npnMenenneM nocjieflOBaTejibnocTH ( 13.71 ] CBOfl5iTC5i k 
7r3(»S'^; iS^)), 3aTeM flncKpeTnbiMn npeo6pa30BanH5iMH 3anojin5ieTC5i Bce R^_^. 
06o3nanenHe — flji5i nyjieBoro Mop4)H3Ma (o6pa3 coctoht h3 nyji5i); e, i, m2 

— snn-, n30- n MonoMop4)H3M-2 (1 1-^ 2), cooTBeTCTBenno. 
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Ta6jiHi];a 3. Fpynnbi (KBasHsapflflHbie) Ili{Sym) h hx Mop4)H3Mbi b rpyn- 
ny npeflbiflymero ypoBH5i chmmctphh flji5i Sym C 5*04 Pi SyniQ. 



Sym 




'HM5i-aHajiorH5i' 


1 


Z2 




50(1,2} 


^(e) ^ ^2 


e 


5'0{1,2} + P{0,3} 






5'0{1,2} + P{2,3} 


Z{W) ^(e) 


^ e + 


5'0{1,2} + P{0,2} 




^ e + e 


5'0{1,2} + P{0,3}+ 






+P{2,3} 







yflHBHTejibHO, MTO B Ta6jiHLi,e 3 OKaaajiHCb safleftcTBOBanbi Bce 'BbijieTaiomHe' 
MacTHLi,bi CTaHflapTHoft MOflejiH, oflHaKO cymecTByioT eme 'ne BbijieTaiomHe' 

MaCTHLI,bI — KBapKH, TJIIOOHbl. 

9tot naparpacj) h Tax y>Ke nojiOH npeflnojio>KeHHH, Tax mto mo>kho ne 
6o5iTbC5i flo6aBHTb HecKOJibKO HOBbix. CHx nop paccMaxpHBajiHCb rpynnbi 

CHMMeTpHH, BXOflflmHe B CHMMeTpHK) BOJIHOBOfla; nOnpoGyCM OTKa3aTbC5I OT 

SToro ycjiOBHfl. Ha flocTaTOHHO MajiOM MacniTaGe (< Aq) HMeeTC5i chmmct- 
pH5i 5*04 (njiocKoe npocTpaHCTBo). AHajiorH5i c KBapKaMH HaBOflHT Ha Hfleio 

B03M05KHOCTH 'KOJIJieKTHBHOH yCTOHMHBOCTH' KBaSHCOJIHTOHOB, CBflSaHHblX C 

rpynnaMH chmmctphh, Hapymaioiii,HMH CHMMexpHio BOJiHOBOfla (ne BbiJieTaio- 

mHe, 'KOJIJieKTHBHCTCKHe' KBaSHCOJIHTOHbl) . Oco6eHHO npHBJieKaiOT BHHMaHHe 

B 3T0H CB5I3H 'KHpajibHbie' (hjih caMOflyajibHbie) OflHonapaMeTpHMecKHe rpyn- 
nbi SO2 (jieBa5i) H SO2 (npaBaa), nbn renepaxopbi 5ibji5ik)tc5i, cooTBexcTBen- 
HO, cyMMOH H pasHOCTbio rcHepaTopoB o6biMHbix rpynn S02'-, nanpHMep, 

50±{1,2}: {1,2} ±{0,3}. 

npHnHMa5i BO BnHManne (13.161) . ( 13.181) . jierKO noKaaaxb, nxo 

S'O+{l,2}=5'O+{0,3}3(cos(/? + k sinv?, 1); 5'0"{1, 2}3(1, cos(/? + k sin 
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ripH H3MeHeHHH opHeHTaLi,HH rpynnbi (+) h (— ) MeH5iK)TCii MecTaMH. MHo:>Ke- 

CTBO CTaLI,HOHapHbIX TOHCK KHpajIbHOH rpynnbi SO2 COCTOHT H3 OflnOH TOHKH 

Xp = 0, f(0)k = kf(0), a na g(0) hot orpanHHenHii. Mno^KecTBO opGnT — 
TpexMepnoe opnenTHpyeMoe MHorooGpaane, nosTOMy 

U^i^iSOi) = U^r)iSOi) = Z; 

ne HCKjnoneno, mto 9th Ksasnsapiiflbi mo>kho CBiiaaTb c GapnonnbiM aapsiflOM. 

HTo6bi flOKasaTb 9nHMop4)nocTb OTo6pa:acenHH Il(^i^{S02) n(/)(l), bm- 
6epeM ocnan],ennyio opGnxy (f~"^(— 1)) b njiocKOCTH 1,2 (xq^x^ = 0). OpGnTbi, 
0TCT05m],He OT BbiGpannoH BflOJib paflnyca, TaK^Ke Jie^KaT b 9Toii njiocKOCTH 
(h Tome OKpy»cHOCTH), h c hhmh CBaaan 'TpnBHajibHbiii' BexTop ocnan^enHa. 
Op6HTbi, 0TCT05m],He no Xq hjih X3, nepeKpy^HBaiOTca na oflnn o6opoT bo- 
Kpyr u,eHTpajibHoii opGnTbi, h c hhmh CBflsanbi '4)a30Bbie' BCKTopbi (fljifl ( — )- 
rpynnbi f ne MeiiaeTC5i na opGnTe n BCKTopbi 0CHaiii,eHH5i KpyT5iTC5i BMecTe c 
opGnTaMH; fljiJi (+)-rpynnbi — flonojinnTejibnbin noBopoT '4)a30Bbix' BCKTopoB 
na flBa o6opoTa). 

/],ji5i KHpajibHbix rpynn 'cTpejiKa' HMeeT 6ojibme napaMCTpoB (nn oflna h3 
flyajibHbix HJiocKOCTeii ne oGaaana Jie»caTb b 'nameM' npocTpancTBe): 

i?G(4, 2) (Bbi6op 2-hjiockocth) x O3 (ocHaiii,eHHe); 

ecjiH, KaK fljia 'jienTonoB', Bbipo:»<;flenHe cnsTO jinnib no flbyM napaMCTpaM 
(flByMepnoe Mno:»<;ecTBO 'apoMaTOB'), to ocTaeTca mccto fljiJi 'ii,BeTa' (mho- 
:»<;ecTBO Tnna S'^). Anajiornnno Ta6jiHii,e 3 Mo:acno paccMOTpeTb cocTaBHbie 
rpynnbi 502^ + P2 h t.^., h, B03Mo:»<;no, nojiynnTb 6o3onbi c 'ii,BeTOM'. 
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3aKjiioHeHHe 



3aKaH^HBa5i sxy pa6oTy, ctoht CKaaaTb h o tom, mto MO>KeT cocTaBHTb 
npeflMCT flajibHeftniHx HCCJieflOBanHii. KoneMHO, xoTejiocb 6t.i nojiy^HTb KaKHe- 
HH6yflb KOJiHMecTBeHHbie npeflCKa3aHH5i, HanpHMep, cnHHOBbix nocTHbiOTOHOB- 

CKHX 9(|)(|)eKT0B, OnpeflejIHTb K03(J)(J)HLI,HeHT, CB5I3bIBaK)III,HH 'iviaTeMaTHMecKoe' 

(/^j/) H '4)H3HMecKoe' (i^^i/) sjieKTpoMarHHTHoe nojie^^, yB5i3aTb napaMCTp koc- 
MOjiorHMecKoro BOjiHOBOfla L = 7A (hjih A) c rpaBHTai^HOHHoii nocT05iHHOH, 
cflejiaTb OLi,eHKH flji5i napaMCTpoB KOCMOjiorHMecKoii MOflejin. MncjieHKbie pac- 
HeTbi pemeHHii cncTeMbi ( 12 ■241 ). ( 12.251 ) MoryT flaTb npeflCTaBjieHne o Kane- 
CTBeHHOM noBefleHHH napaMexpoB A, 7, a fljia naMajibHbix cxaflHii pacmnpe- 
HH5I {R/X > 1). Ba^KHee, oflnaKO, nojiy^HTb anajiHTHMecKHe OLi,eHKH 3aBHCH- 
MOCTH napaMexpoB ot BpeMeHH flji5i 6ojiee flajieKHx CTaflHft, Korfla R/ A, 7 ^ 1. 
Mo>KHO nonpoGoBaxb npeflCxaBHTb pemenHe ypaBHenHii ( 12.251) b BH^e pa^a no 
MajiOMy napaMCTpy X/R. 

OopMajibHbiH TecT Ha B03Mo:>KHOCTb K0-CHHryji5ipH0CTeH, o6cy>KflaBmHH- 

C5I BO BTOpOH TJiaBC — npOBCpxa HHBOJIIOTHBHOCTH CHMBOJia [cTapUIHX npOH3- 

BOflHbix) ypaBHeHHH (npeflCTaBjieHHbix b o6iii,eKOBapHaHTHOM BHfle) npn bbi- 
po>KfleHHH Ko-penepa — 9to Heo6xoflHMoe, ho, Boo6n],e roBop5i, HeflocTaxoH- 
Hoe ycjiOBHe; b 6ojibmHHCTBe cjiynaeB oho TpHBHajibHO BbiHOJiH5ieTC5i (ra30- 
Ba5i flHHaMHKa), TCM HHTepecnee naftTH BapnanT npoTHBonojio>KHoro copxa. 
J^Jisi ypaBHeHHH ra30B0H flHnaMHKH (cjia6oHejiHHeHHt.iH cjiyHaft) bo3mo>kho 
orpaHHHeHHe na MJiafl^uiiie Hjienbi CHCTeMbi, npn KOTopoM rpaflneHTHaa KaTa- 

^^MacmTa6 nocjie;i,Hero (J)HKCHpoBaH (b CHCTeMe eflHHHn, c,h — 1) paBencTBOM HacTOTbi (jjOTona h ero 

'4)H3HHeCKOH' SHepPHH / dV . 
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CTpo4)a Bce >Ke OTcyTCTByeT f3H], ho sto cjiyMaft cjia6bix K0-CHHryji5ipH0CTeH. 
B cjiy^ae :>Ke CHJibHbix KO-CHHryjiflpHOCTeii All (Mjiaflmne MjieHbi pacxofl5iTC5i 
npH BbipojKfleHHH KO-penepa) cymecTBOBaHHe KaKoro-jinGo ycjiOBHs na MJiafl- 
niHe MJieHbi, noflaBji5iioiii,ero CHHryjiapHOCTH, Ka>KeTC5i neBOSMO^KHbiM. JXpy- 
rne THnt.i CHHryjiiipHOCTeft pemeHH5i o6iii,ero nojio>KeHH5i, OTJiHMHbie ot pac- 

CMOTpeHHblX (kO- H KOHTpa-), BHflHMO, HeB03M0>KHt.i: Bbl6op SaBHCHMblX BC- 

peMeHHbix ('paGoMeft MaTpHLi,bi') flOJiJKen yMHTbiBaxB CHMMexpHio ypaBnenHft 
(LD— KOBapnaHTHOCTb). 

TecT Ha K0-CHHryji5ipH0CTH HCTpyflHO pacnpocTpaHHTb na ypaBHeHH5i 
i?^— rpaBHTaLi,HH (ypaBHeHH5i MeTBepToro nopaflKa CaD^^J, cm. ( I1.50l 'l-f |1.51l ). 
HeperyjiflpHbi b cjiy^ae Ci = 0, KOTopbift, oflHaKO, BCTpeMaeTC5i b jiHTepaType 
|53|). AHajiorHMHbiH anajiHS ypaBHenHii All MCTBepToro nop^flKa (h Bbime; 
npHB0fl5iiii,Hx K aaflane Komn) — 6ojiee cjio^KHaa aafla^a, ho Bce-TaxH, naBep- 
Hoe, pemaeMaa. 

En],e oflHa safla^a — HanncaTb KOBapnaHTHbie Bbipa>KeHH5i fljia tohojio- 
rnnecKHx aapsiflOB h KBasHsapaflOB, b35ib sa oGpaaeu, HOflxofl j3S| k MOflejin 
Oaflfleena; paayMeeTCii, :«;ejiaTejibHO HOCTpoHTb npHMepbi pemeHHii c neTpn- 

BHajIbHblMH (KBa3H)3ap5IflaMH. J^JlSi paSMepHOCTH n = 4 TOHOJIOrHMeCKHii TOK 

(To:>KflecTBeHHO coxpaH5iK)n],HHC5i, HesaBHCHMO OT ypaBHenHii hojia) npn nyjie- 

BOH KpHBHSne {Rab^v = 0) flOJI^KCH, BHflHMO, CB0flHTC5I K Bbipa>KeHHK) (THHa 

TOKa MOflejiH CKHpMa |33| ) 

CM. ( 11.31 ): HOjiHoe Bbipa>KeHHe flji5i TOKa flOji:>KHO, bh^hmo, BKjiiOHaTb Hjienbi 
THHa i?7. 

BojibHioii Kpyr nenpocTbix saflan CB5i3aH c Hpo6jieMOH ycToiiHHBOCTH xax 
KOCMOJiorHMecKoro pemeHH5i, Tax h MacTHn,enoflo6Hbix pemenHH c tohojiofh- 

MeCKHM (KBa3H)3ap5IflOM — B 'peajIbHblX yCJI0BH5Ix' KOCMOJIOrHMeCKOrO BOJIHO- 

BOfla, HanojiHCHHoro myMOM. 
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HecMOTpfl Ha flocTaTOHHoe KOjiH^ecTBO HeacHbix BonpocoB h HepemeH- 
Hbix saflaM, npeflCTaBji5ieTC5i, hto aGcojnoTHbiii napajijiejinsM — KpacHBaa Teo- 
pH5i, o6jiaflaK)iii,a5i GojibniHMH bo3mo>khoct5imh h 6oraTbiMH H3o6pa3HTejibHt.i- 
MH cpeflCTBaMH. rioHflTHe KpacoTbi Ka»:eTC5i MajionpHroflHbiM fljia MaTeMa- 
THMecKOH 4)opMajiH3aLi,HH, HO pacHpocTpaneHO MHeHHe, hto KpacueaM xeo- 
pH5i flOJiJKHa 6t.iTb npocmou. TyT yjKe B03HHKaiOT MaTeMaTHHecKHe anajio- 
thh: MHO>KecTBO BemecTBeHHbix HHceji, nanpHMep, pa3flejieH0 MaTeMaTHKaMH 
Ha CAODfCHue (hjih CAynauHue; hx noflaBjifliomee Gojibluhhctbo) h necAODfCHue 
MHCjia (paLi,HOHajibHbie MHCjia, MHCjia THna tt), KOTopbie nojiHOCTbio onncbiBa- 

IOTC5I KOHeMHOii HH(J)OpMaLI,HeH, KOHeMHbIM ajiropHTMOM [57j. 

Mo>KHO no aHajiorHH Ha3BaTb (|)H3HnecKyio Teopnio npocmou (hjih we CAy- 
HauHOu), ecjiH ona onpefleji5ieTC5i KoneMHoft HH(J)opMai],HeH, npocTbiM ajiropHT- 
MOM (mo^kct 6biTb c(|)opMyjiHpoBaHa Ha kohchhom HHCJie CTpaHHu, H He coflep- 
>KHT CAynauHUX hhccji — HapaMexpoB-KOHCTaHT). B OTHomennH >Ke pemenHft 
TeopHH H0JI5I — Hao6opoT xoTejiocb 6bi HMCTb Ho6ojibme cjio:>KHOCTeH (ypaB- 

HeHH5I flOJi:>KHbI 6bITb HpOCTblMH (KpaCHBblMn) , a HX pemeHH5I — CJIO:«;HbIMH H 

HHTepecHbiMn). 

B 9T0H CB5I3H — HeCKOJIbKO CJIOB O Bbl6ope rjI06ajIbH0r0 rOMOTOHHHeCKOrO 

Kjiacca, a TaK>Ke TOHOjiorHH pemeHH5i, TOHOjiorHH HOBepxHOCTH Komn. Orpa- 
HHHHMC5I KanecTBenHbiMH paccy>KfleHH5iMH 6e3 CTpornx (J)opMyjiHpoBOK. Ha- 
30BeM pemenne HeunmepecHUM (hjih necjio^KHbiM), ecjiH oho 3aflaeTC5i kohch- 
HbiM ajiropHTMOM; npHMep — TpHBnajibHoe pemeHne. Ha30BeM peiHenne ogpa- 
HUHCHHO unmepecHUM, ecjin Hepe3 KOHennoe BpeM5i oho Bce 6jiH>Ke HOflxoflHT 
K HeunmepecHOMy pemenHio, KOTopoe, cjieflOBaTejibHO, 5iBji5ieTC5i omnacmu 
npuniM2U6a7oiu,uM (o6paii],eHHe BpeMenn flaeT yflajiJiiomeecil pemeHne). Bo3- 
Mo:>KHbiH HpHMep — pa3jieTaK)ii],a5iC5i, yMeHbmaioii],a5iC5i ho aMHjiHTyfle BOjina, 
Bce 6ojiee noxo^Kan na TpHBnajibHoe pemeHne. Mo:>kho npeflnojio^^HTb, hto na- 
jinnne b roMOTonnnecKOM Kjiacce HeunmepecHozo omnacmu npummueajoun^ezo 
pemeHH5i Beflex k TOMy, hto Bce pemennii 3Toro KJiacca orpannHenno nnTepec- 
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Hbi. BnpoMeM, y:>Ke HajiHMne orpaHHMeHHO HHTepecHbix pemeHHii o6iii,ero nojio- 
TKeRn^i — flocTaTOHHoe ocHOBaHHe, HTo6bi 3a6paKOBaTb stot roMOTonHHecKHft 
Kjiacc pemeHHii. BosHHKaeT sa^ana oGnapy^KeHHa TaKHx neHHTepecnbix (saTO 
npocTbix H KpacHBbix) pemeHHii h Bbiflejienna HHTepecHoro roMOTonHnecKoro 
KJiacca, rfle TaKOBbie pemenna OTcyTCTByiOT (nofloGnbiM o6pa30M, bosmojk- 
HO, Bbifleji5ieTC5i TaK>Ke UHtnepecHasi Tonojiorna noBepxHOCTH Komn, KOTopaa 
flOJiJKHa 6biTb napa,JT,jTCJTH3yeMbiM MHorooGpasHCM). 

BapnaHT All, KOTopbiii o6cy:»<;flajiC5i b §§ 3.4,3.5 (TpHBHajibHaa Tonojiornji, 
m = 4, n = Zl), HMeeT Tpn HeTpHBHajibHbix Kjiacca pemeHHii; h3 hhx Kjiacc 
flonycKaeT 66jibmyio CHMMeTpnio pemennii, T.e. HMeeT, HO-BHflHMOMy, 
6ojibme mancoB OKaaaTbca neHHTepecHbiM. Bbi6op Me>Kfly KjiaccaMH 1/ h 1^ 
He HMeeT HpHHn,HHHajibHoro SHanenHfl BBH^y bo3mo>khocth HSMenenHfl opn- 
eHTan,HH noBepxHOCTH Komn. Bbi6op HOJio»cHTejibHoii opHeHTan,HH BpeMenn 
(cTpejibi BpeMenn) mo>kho CB5i3bmaTb, HaBepnoe, c pacmnpeHneM 'HanajibHO- 
ro' ocTpoBHoro cocto5ihh5i (KJiacca 1/), c npoLi,eccoM po^KfleHHa 'flHCKpeTHoii 
HH4)opMaLi,HH' H3 6ecKOHeHHoro pesepByapa HenpepbiBHoii HH4)opMaLi,HH, sa- 
KjiiOMeHHoii B K094)4)HLi,HeHTax pflfla Teiijiopa hjih Oypbe (c TeM HanpaBjieHH- 
eM Hrpbi MacmTa6oB h CHMMeTpnii, xaoca h ycToiiHHBOCTH, b KOTopoM H^eT 

04)0pMJieHHe, BblflejieHHe HOBBIX KBaSHCOJIHTOHOB). 

XoHCTCH ciii,c OTMCTHTL oj\iiy oco6ciiiiocTL KOCMOjiorHHCCKoro pcmciiH^i, 
CTapTOBaBmero h3 'jieBoro' ocTpoBHoro HanajibHoro cocToaHHfl. Ha CTaflHH 
4)opMHpoBaHH5i c4)epHHecKoro BOJiHOBOfla H saxBaHeHHbix b neM cjia6bix bojih 
npHHaflJie^KHOCTb k 'jieBOMy' KJiaccy 1/ MO»ceT npHBecTH k flOMHHHpoBaHHio 
'jieBoii' KOMnoHCHTbi HyjieBbix K0Jie6aHHii na/i, 'npasoii'. B 9tom cjiynae 'chm- 
MeTpHJi myMa' (ycpeflHeHHaa no MacmTa6y ~ Aq) He O3, a S'Os, h BsanMOfleii- 
CTBH5I jieBbix H npaBbix cojiHTOHOB TaK:ace MoryT cym,ecTBeHHO pasjinnaTbCJi. 
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